
TWO ERROR BOUNDS OF THE ELLIPTIC ASYMPTOTICS FOR
THE FIFTH PAINLEVÉ TRANSCENDENTS
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Abstract. For the fifth Painlevé equation it is known that a general solution is
represented asymptotically by an elliptic function in cheese-like strips near the point at
infinity. We present an explicit asymptotic formula for the error term of this expression,
which leads to an estimate for its magnitude as was conjectured. An analogous formula
is obtained for the error term of the correction function associated with the Lagrangian.
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1. Introduction

The fifth Painlevé equation

y′′ =
( 1

2y
+

1

y − 1

)
(y′)2 − y′

x
+

(y − 1)2

x2

(
aθy − bθ

y

)
+ cθ

y

x
− y(y + 1)

2(y − 1)
, (PV)

in which 8aθ = (θ0−θ1 +θ∞)2, 8bθ = (θ0−θ1−θ∞)2, cθ = 1−θ0−θ1 with θ0, θ1, θ∞ ∈ C,

governs the isomonodromy deformation of a linear system of the form

dΞ

dλ
=

(x

2
σ3 +

A0

λ
+

A1

λ − 1

)
Ξ,

σ3 =

(
1 0

0 −1

)
, A0 =

(
z + θ0/2 −u(z + θ0)

z/u −z − θ0/2

)
,

A1 =

(
−z − (θ0 + θ∞)/2 uy(z + (θ0 − θ1 + θ∞)/2)

−(uy)−1(z + (θ0 + θ1 + θ∞)/2) z + (θ0 + θ∞)/2

)
(cf. [1], [10, (1.1)], [11, (3.1)]) with the monodromy data (M0,M1) = ((m0

ij), (m
1
ij)) ∈

SL2(C)2 defined along loops surrounding λ = 0 and 1, respectively. Then a general

solution y(x) of (PV) is parametrised by (M0,M1) [1, Section 2]. As in [10, 11, Theorem

2.1], for each φ such that 0 < |φ| < π/2, y(x) admits an expression of the form

y(x) + 1

y(x) − 1
= A

1/2
φ sn((x − x0)/2 + ∆(x); A

1/2
φ ) (1.1)

with ∆(x) = O(x−2/9+ε) for any ε satisfying 0 < ε < 2/9 as x = eiφt → ∞ through

the cheese-like strip S(φ, t∞, κ0, δ0), where v = sn(z; k) is the Jacobi elliptic function

such that v2
z = (1 − v2)(1 − k2v2), and the symbols Aφ, x0 and S(φ, t∞, κ0, δ0) are as in

(1) and (3) below. Since Aφ does not depend on the solution y(x), the leading term of

the expression above contains the integration constant x0 depending on (M0,M1) and
1
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the other integration constant appears in the error term ∆(x). Moreover ∆(x) may be

treated in studying, say, the τ -function [8, p. 121], and degeneration into trigonometric

asymptotics [8, Section 4]. For these facts detailed study on ∆(x) is desirable. Under

the supposition ∆(x) = O(x−1), an asymptotic form of ∆(x) containing the other inte-

gration constant is discussed in [10, Theorem 2.3 and Corollary 2.4]. For the τ -function

associated with (PI) Iwaki [5], by the method of topological recursion, obtained a con-

jectural full-order expansion yielding the elliptic expression of solutions.

In this paper we unconditionally present an explicit expression of ∆(x), which leads

to the estimate ∆(x) = O(x−1) as was conjectured. The correction function Bφ(t)

[11, (5.5)] for the Lagrangian of y(x) contains information about asymptotics (see also

[8, Section 3]). An analogous explicit formula is obtained for the error term of the

asymptotic expression of Bφ(t).

Our results are stated in Theorems 2.1, 2.2 and 2.3. In Section 3, from a system

of equations equivalent to (PV) we derive integral equations containing the error term

h(x) = ∆(x)/2. The final section is devoted to the proofs of main theorems by using

these equations, in which our argument is quite different from those in [4], [2, Chapter

8], [6] and [9] applied to (PII) and (PI).

Throughout this paper we use the following symbols.

(1) For each φ ∈ R, Aφ ∈ C is a unique solution of the Boutroux equations

Re eiφ

∫
a

√
Aφ − z2

1 − z2
dz = Re eiφ

∫
b

√
Aφ − z2

1 − z2
dz = 0

[10, Section 7]. Here a and b are basic cycles as in Figure 1.1 on the elliptic curve

Π∗ = Π∗
+ ∪Π∗

− given by w(Aφ, z) =
√

(1 − z2)(Aφ − z2) such that Π∗
+ and Π∗

− are glued

along the cuts [−1,−A
1/2
φ ] ∪ [A

1/2
φ , 1] with 0 ≤ Re A

1/2
φ ≤ 1; and the branches of the

square roots√
Aφ − z2

1 − z2
=

√
Aφ − z2

√
1 − z2

,
√

(Aφ − z2)(1 − z2) =
√

Aφ − z2
√

1 − z2

are determined by z−1
√

Aφ − z2 → i and z−1
√

1 − z2 → i as z → ∞ on the upper sheet

Π∗
+.

−1

−A
1/2
φ

1

A
1/2
φ

HHHH
HHHH

HHHH

HHHH
:

9 ab

Π∗
+

q q
q q

Figure 1.1. Cycles a, b on Π∗

(2) The periods of Π∗ along a and b are

Ωa =

∫
a

dz

w(Aφ, z)
, Ωb =

∫
b

dz

w(Aφ, z)
,
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and write

Ea =

∫
a

√
Aφ − z2

1 − z2
dz, Eb =

∫
b

√
Aφ − z2

1 − z2
dz.

(3) Set

x0 ≡
−1

πi
(Ωb log(m0

21m
1
12)+Ωa log mφ)− (1

2
Ωa +Ωb)(θ∞ +1)− 1

2
Ωa mod 2ΩaZ+2ΩbZ,

in which mφ = m0
11 if −π/2 < φ < 0, and = e−πiθ∞(m1

11)
−1 if 0 < φ < π/2. For given

positive numbers κ0, δ0 and t∞,

S(φ, t∞, κ0, δ0) = {x = eiφt |Re t > t∞, |Im t| < κ0} \
∪

σ∈P0

{|x − σ| < δ0}

with P0 = {σ | sn((σ − x0)/2; A
1/2
φ ) = ∞} = {x0 + ΩaZ + Ωb(2Z + 1)}, and

Š(φ, t∞, κ0, δ0) = S(φ, t∞, κ0, δ0) \
∪
σ∈Q

{|x − σ| < δ0}

with Q = {σ | sn((σ − x0)/2; A
1/2
φ ) = ±A

−1/2
φ ,±1}, in which δ0 is also supposed so small

that {|x − σ1| = δ0} ∩ {|x − σ2| = δ0} = ∅ for any σ1, σ2 ∈ P0 ∪ Q, σ1 6= σ2. For

σ = eiφtσ ∈ Q let l(σ) be the line defined by x = eiφ(Re tσ + iη) with η ≥ Im tσ if

Im tσ ≥ 0 (respectively, η ≤ Im tσ if Im tσ < 0); and, if necessary, modify l(σ) not to

touch other circles {|x−σ′| = δ0} with σ′ ∈ P0∪Q\{σ} by suitable replacement of local

segments on l(σ) with arcs. Then let Šcut(φ, t∞, κ0, δ0) denote Š(φ, t∞, κ0, δ0) equipped

with the cuts along l(σ) or its modification for all σ ∈ Q (cf. Figure 1.2).
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b ∈ P0 , q ∈ Q

(a) Š(φ, t∞, κ0, δ0)

bf
bf

bf
bf
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B
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qf
qf
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(b) Šcut(φ, t∞, κ0, δ0)

Figure 1.2. Cheese-like strips

(4) For Im τ > 0,

ϑ(z, τ) =
∑
n∈Z

eπiτn2+2πizn

with ϑ′(z, τ) = (d/dz)ϑ(z, τ) is the ϑ-function [3], [12]. Note that ϑ(z ± 1, τ) = ϑ(z, τ),

ϑ(z ± τ, τ) = e−πi(τ±2z)ϑ(z, τ).

(5) We write f ¿ g or g À f if f = O(g).
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2. Main results

Our results are stated as follows.

Theorem 2.1. Suppose that 0 < |φ| < π/2. Let y(x) be the solution of (PV) corre-

sponding to (M0, M1) = ((m0
ij), (m

1
ij)) with m0

11m
1
11m

0
21m

1
12 6= 0. Then

y(x) + 1

y(x) − 1
= A

1/2
φ sn((x − x0)/2; A

1/2
φ ) + O(x−1)

as x → ∞ through the cheese-like strip S(φ, t∞, κ0, δ0), where κ0 is a given number, δ0

a given small number, and t∞ = t∞(κ0, δ0) a large number depending on (κ0, δ0).

Set

ψ0(x) = A
1/2
φ sn((x − x0)/2; A

1/2
φ ),

b0(x) = β0 −
2Ea

Ωa

x − 8

Ωa

ϑ′

ϑ

( 1

2Ωa

(x − x0), τ0

)
, τ0 =

Ωb

Ωa

,

b(x) =
Ea

4
(x − x0) +

ϑ′

ϑ

( 1

2Ωa

(x − x0), τ0

)
= −Ωa

8
(b0(x) − b0(x0))

with

β0 = − 8

Ωa

(log(m0
21m

1
12) + πi(θ∞ + 1)), b0(x0) = β0 −

2Ea

Ωa

x0,

where ψ0(x), b0(x) and b(x) are bounded in S(φ, t∞, κ0, δ0).

Theorem 2.2. The error term ∆(x) = h(x)/2 in (1.1) is represented by

h(x) = −2((θ0 − θ1)
2 + θ2

∞)

Aφ − 1
x−1 −

∫ x

∞
F1(ψ0, b0)

dξ

ξ
− 3

2

∫ x

∞
F1(ψ0, b0)

2dξ

ξ2
+ O(x−2),

with

F1(ψ0, b0) =
4(θ0 + θ1)ψ0 − b0

2(Aφ − ψ2
0)

, ψ0 = ψ0(ξ), b0 = b0(ξ).

Here ∫ x

∞
F1(ψ0, b0)

dξ

ξ
¿ x−1,

∫ x

∞
F1(ψ0, b0)

2dξ

ξ2
¿ x−1

as x → ∞ through Šcut(φ, t∞, κ0, δ0). Furthermore,

xh(x) = h0β
2
0 + h1(x)β0 + h2(x) + O(x−1),

where h0 = (1/8)A−1
φ (1 − Aφ)−1, h1(x) ¿ 1, h2(x) ¿ 1.

Remark 2.1. Since (y(x)+1)(y(x)−1)−1 = ψ0(x+h(x)), we have, in each neighbour-

hood of σ ∈ Šcut(φ, t∞, κ0, δ0),

y(x) + 1

y(x) − 1
− A

1/2
φ sn((x − x0)/2; A

1/2
φ ) =

∞∑
j=1

ψ
(j)
0 (x)

j!
h(x)j ∼ ψ′

0(x)h(x),

which implies the single-valuedness of h(x) in Š(φ, t∞, κ0, δ0). In showing Theorem 2.2,

for convenience’ sake, the integral representations have been treated in Šcut(φ, t∞, κ0, δ0),

in which a contour joining x to ∞ is topologically specified, to avoid the possible multi-

valuedness of each integral around the pole at σ ∈ Q.
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Remark 2.2. Note that (PV) is equivalent to the system

z =
x(y − y′)

2(y − 1)2
+

θ0 + θ1

2(y − 1)
− 1

4
(θ0 − θ1 + θ∞),

xz′ = yz(z + 1
2
(θ0 − θ1 + θ∞)) − y−1(z + θ0)(z + 1

2
(θ0 + θ1 + θ∞))

governing the isomonodromy deformation [1]. By Theorem 2.2, from (1.1) it follows

that

− y′(x)

(y(x) − 1)2
=

A
1/2
φ

8

(
2 sn′(1

2
(x − x0))(1 + h′(x)) + sn′′(1

2
(x − x0))h(x)

)
+ O(x−2)

and 2(y− 1)−1 = A
1/2
φ (sn(1

2
(x−x0))+ 1

2
sn′(1

2
(x−x0))h(x))− 1 in S(φ, t∞, κ0, δ0), where

h(x), h′(x) ¿ x−1, sn z = sn(z, A
1/2
φ ) and sn′z = d

dz
sn z. Then we have

z(x) =
x

8

(
A

1/2
φ sn′(1

2
(x − x0)) + Aφsn

2(1
2
(x − x0)) − 1

)
+

xh(x)

16

(
A

1/2
φ sn′′(1

2
(x − x0)) + 2Aφsn(1

2
(x − x0))sn

′(1
2
(x − x0))

)
+

xh′(x)

8
A

1/2
φ sn′(1

2
(x − x0)) +

θ0 + θ1

4
A

1/2
φ sn(1

2
(x − x0)) −

2θ0 + θ∞
4

+ O(x−1).

Recall the correction function Bφ(t) such that aφ = Aφ + t−1Bφ(t), where

aφ =1 − 4(e−2iφ(y∗)2 − y2)

y(y − 1)2
+ 4e−iφ(θ0 + θ1)

y + 1

y − 1
t−1

+ e−2iφ (y − 1)

y
((θ0 − θ1 + θ∞)2y − (θ0 − θ1 − θ∞)2)t−2

with x = eiφt [11, (3.5)]. In particular, aφ,Lag := aφ|y∗=dy/dt is the Lagrangian of y =

y(eiφt). In this case, let b(x) be such that

aφ,Lag = Aφ +
b(x)

x
= Aφ +

e−iφb(eiφt)

t
.

If y∗ = dy/dt, then b(x) = eiφBφ(t). (In [10], aφ and Bφ(t) are defined under the

condition y∗ = dy/dt.)

Theorem 2.3. Under the same suppositions as in Theorems 2.1 and 2.2,

b(x) − b0(x) = b′0(x)h(x) − 4((θ0 − θ1)
2 + θ2

∞)x−1

−
∫ x

∞
(Aφ − ψ2

0)F1(ψ0, b0)
2dξ

ξ2
+ O(x−2),

in which b′0(x) = 4ψ′
0 − 2(Aφ − ψ2

0), and∫ x

∞
(Aφ − ψ2

0)F1(ψ0, b0)
2dξ

ξ2
¿ x−1

as x → ∞ through Šcut(φ, t∞, κ0, δ0), and b(x) − b0(x) ¿ x−1 in S(φ, t∞, κ0, δ0).
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Remark 2.3. As calculated in Section 4 the integrals above are written in the form∫ x

∞
F1(ψ0,b0)

dξ

ξ
= 2(θ0 + θ1)

∫ x

∞

ψ0

Aφ − ψ2
0

dξ

ξ

− b0(x0)

2

∫ x

∞

1

Aφ − ψ2
0

dξ

ξ
+

4

Ωa

∫ x

∞

b

Aφ − ψ2
0

dξ

ξ
,∫ x

∞
F1(ψ0,b0)

2dξ

ξ2
=

16(θ0 + θ1)
2Aφ + b0(x0)

2

12Aφ(Aφ − 1)
x−1 +

4b0(x0)

3Aφ(Aφ − 1)Ωa

∫ x

∞
b
dξ

ξ2

+
16(θ0 + θ1)

Ωa

∫ x

∞

bψ0

(Aφ − ψ2
0)

2

dξ

ξ2
+

16

Ω2
a

∫ x

∞

b2

(Aφ − ψ2
0)

2

dξ

ξ2
+ O(x−2),∫ x

∞
(Aφ−ψ2

0)F1(ψ0, b0)
2dξ

ξ2
= 4(θ0 + θ1)

2x−1

+
16(θ0 + θ1)

Ωa

∫ x

∞

bψ0

Aφ − ψ2
0

dξ

ξ2
+

16

Ω2
a

∫ x

∞

b2

Aφ − ψ2
0

dξ

ξ2
+ O(x−2),

in which each integral on the right-hand sides is O(x−1), and immediately yield detailed

expressions of h(x) and b(x) − b0(x) (see Section 4.3).

3. System of integral equations

To prove our theorems, we recall the following facts [10, Section 6].

(1) For the solution y(x) of (PV), (ψ(x), b(x)) with ψ(x) = (y(x) + 1)(y(x) − 1)−1

solves a system of equations

4(ψ′)2 =(1 − ψ2)(Aφ − ψ2) − (1 − ψ2)(4(θ0 + θ1)ψ − b)x−1

+ 4(2(θ0 − θ1)θ∞ψ + (θ0 − θ1)
2 + θ2

∞)x−2, (3.1)

b′ = − 2(Aφ − ψ2) + 4ψ′ + (4(θ0 + θ1)ψ − b)x−1, (3.2)

where b = b(x) is as defined in Section 2 by using the Lagrangian aφ,Lag.

(2) ψ0(x) and b0(x) are bounded in S(φ, t∞, κ0, δ0) and fulfil

4(ψ′
0)

2 = (1 − ψ2
0)(Aφ − ψ2

0), (3.3)

b′0 = −2(Aφ − ψ2
0) + 4ψ′

0 (3.4)

[10], which at least formally approximates system (3.1), (3.2).

Proposition 3.1. Equations (3.1), (3.2) admit a solution (ψ(x), b(x)) such that

ψ(x) = ψ0(x + h(x)) with h(x) ¿ x−2/9+ε and b(x) − b0(x) ¿ x−2/9+ε as x → ∞
through S(φ, t∞, κ0, δ0) for any 0 < ε < 2/9. Furthermore b0(x) and b(x) are bounded.

Proof. As in [11, Section 5], the correction function b∗(x) := eiφBφ(t) admits the

asymptotic expression b∗(x) − b0(x) ¿ x−2/9+ε, which follows from [11, (5.5)] with

δ = 2/9− ε. (Here we note that, in the argument of [11, Sectios 4 and 5] as well, δ is so

chosen in accordance with the annulus Aε in [10, p. 64].) By the justification scheme [11,

Section 5] with [7], for b(x) corresponding to the Lagrangian aφ,Lag as well, the estimate

b(x) − b0(x) ¿ x−2/9+ε remains valid. ¤
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From Proposition 3.1 with (3.3), it follows that 2ψ′(x) = 2(1 + h′(x))ψ′
0(x + h(x)) =

(1 + h′)
√

(1 − ψ0(x + h)2)(Aφ − ψ0(x + h)2) = (1 + h′)
√

(1 − ψ2)(Aφ − ψ2). Then (3.1)

becomes (1 + h′)2 = 1 − 2F1(ψ, b)x−1 + 2F2(ψ)x−2, which yields

h′ = −F1(ψ, b)x−1 + (F2(ψ) − 1
2
F1(ψ, b)2)x−2 + O(x−3) (3.5)

in Š(φ, t∞, κ0, δ0), where

F1(ψ, b) =
4(θ0 + θ1)ψ − b

2(Aφ − ψ2)
, F2(ψ) =

2(2(θ0 − θ1)θ∞ψ + (θ0 − θ1)
2 + θ2

∞)

(1 − ψ2)(Aφ − ψ2)
.

Using ψ = ψ0 + ψ′
0h + O(h2), we have

h′ = − F1(ψ0, b)x
−1 + (F2(ψ0) − 1

2
F1(ψ0, b)

2)x−2

− (F1)ψ(ψ0, b)ψ
′
0hx−1 + O(x−1(|x−1| + |h|)2). (3.6)

In what follows we suppose that, for a positive number µ ≤ 1,

h(x) ¿ x−µ (3.7)

in Šcut(φ, t∞, κ0, δ0). By Proposition 3.1, estimate (3.7) is true if, say, µ = 1/9.

Let {xν} ⊂ Šcut(φ, t∞, κ0, δ0) be a given sequence such that |x1| < · · · < |xν | < · · · ,

|xν | → ∞. Then, by (3.2) and (3.4)

b(x) − b(xν) =

∫ x

xν

(4ψ′ − 2(Aφ − ψ2))dξ +

∫ x

xν

(4(θ0 + θ1)ψ − b)
dξ

ξ
,

b0(x) − b0(xν) =

∫ x

xν

(4ψ′
0 − 2(Aφ − ψ2

0))dξ,

from which we derive, for x ∈ Šcut(φ, t∞, κ0, δ0) with |x| < |xν |,

b(x) − b0(x)−(b(xν) − b0(xν)) = 4(ψ(x) − ψ0(x) − (ψ(xν) − ψ0(xν)))

+ 2

∫ x

xν

(ψ2 − ψ2
0)dξ + 2

∫ x

xν

(Aφ − ψ2)F1(ψ, b)
dξ

ξ
. (3.8)

In this equality, by (3.7) and Proposition 3.1,

ψ(x) − ψ0(x) − (ψ(xν) − ψ0(xν)) ¿ |h(x)| + |h(xν)| ¿ |x−µ| + |x−µ
ν |,

b(xν) − b0(xν) ¿ x−2/9+ε
ν .

Furthermore,

2

∫ x

xν

(ψ2 − ψ2
0)dξ = 2

∫ x

xν

(
(ψ2

0)
′h +

(ψ2
0)

′′

2
h2 + · · · + (ψ2

0)
(p)

p!
hp + O(hp+1)

)
dξ

= −2

∫ x

xν

(
ψ2

0 + (ψ2
0)

′h + · · · + (ψ2
0)

(p−1)

(p − 1)!
hp−1

)
h′dξ + O(|x−µ| + |x−µ

ν |),

if −(p + 1)µ + 1 ≤ −µ, i.e. −pµ + 1 ≤ 0; and by (3.5) and (3.7),

2

∫ x

xν

(Aφ − ψ2)F1(ψ, b)
dξ

ξ
= − 2

∫ x

xν

(Aφ − ψ2)(h′ + O(ξ−2))dξ

= − 2

∫ x

xν

(Aφ − ψ2)h′dξ + O(|x−1| + |x−1
ν |),
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where

− 2

∫ x

xν

(Aφ − ψ2)h′dξ

=2

∫ x

xν

(
ψ2

0 + (ψ2
0)

′h + · · · + (ψ2
0)

(p−1)

(p − 1)!
hp−1

)
h′dξ + O(|x−µ| + |x−µ

ν |),

since h′ ¿ ξ−1 by (3.6) and (3.7). Insert these quantities with p such that −pµ + 1 ≤ 0

into (3.8). Under the passage to the limit xν → ∞, we arrive at the estimate

b(x) − b0(x) ¿ x−µ (3.9)

in Šcut(φ, t∞, κ0, δ0). Then equation (3.6) is written in the form

h′ = −F1(ψ0, b)x
−1 + (F2(ψ0) − 1

2
F1(ψ0, b0)

2)x−2 − (F1)ψ(ψ0, b0)ψ
′
0hx−1 + O(x−1−2µ)

= −F1(ψ0, b0)x
−1 + O(x−1−µ). (3.10)

For any sequence {xν} ⊂ Šcut(φ, t∞, κ0, δ0), integration of this yields

h(x) − h(xν)

= −
∫ x

xν

F1(ψ0, b)
dξ

ξ
+

∫ x

xν

(F2(ψ0) − 1
2
F1(ψ0, b0)

2)
dξ

ξ2
− I0 + O(|x−2µ| + |x−2µ

ν |)

with

I0 =

∫ x

xν

(F1)ψ(ψ0, b0)ψ
′
0h

dξ

ξ

=

∫ x

xν

(
F1(ψ0, 0)ξ −

( 1

2(Aφ − ψ2
0)

)
ξ
b0

)
h
dξ

ξ

=

∫ x

xν

(
F1(ψ0, 0)F1(ψ0, b0) −

b0F1(ψ0, b0) − b′0hξ

2(Aφ − ψ2
0)

)dξ

ξ2
+ O(|x−1−µ| + |x−1−µ

ν |)

=

∫ x

xν

F1(ψ0, b0)
2dξ

ξ2
+

1

2

∫ x

xν

b′0h

Aφ − ψ2
0

dξ

ξ
+ O(|x−1−µ| + |x−1−µ

ν |),

where the third line is due to integration by parts. Hence we have, in Šcut(φ, t∞, κ0, δ0),

h(x) = −
∫ x

∞
F1(ψ0, b)

dξ

ξ

+

∫ x

∞

(
F2(ψ0) −

3

2
F1(ψ0, b0)

2
)dξ

ξ2
− 1

2

∫ x

∞

b′0h

Aφ − ψ2
0

dξ

ξ
+ O(x−2µ), (3.11)

in which the convergence of
∫ x

∞ F1(ψ0, b)ξ
−1dξ is guaranteed by the absolute convergence

of the remaining two integrals.

By (3.1) and (3.2),

b′ = −(Aφ − ψ2) + 4ψ′ − 4(ψ′)2

1 − ψ2
+ 2(Aφ − ψ2)F2(ψ)x−2.

From this combined with (3.4) and 2ψ′ = (1 + h′)
√

(1 − ψ2)(Aφ − ψ2), it follows that

(b − b0)
′ = 2(ψ2 − ψ2

0) + 4(ψ − ψ0)
′ − 2h′(Aφ − ψ2)(1 + h′/2) + 2(Aφ − ψ2)F2(ψ)x−2,
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and then, for any {xν} ⊂ Šcut(φ, t∞, κ0, δ0), χ := b − b0 satisfies

χ(x) − χ(xν) =4(ψ − ψ0) − 4(ψ(xν) − ψ0(xν)) + 2

∫ x

xν

(ψ2 − ψ2
0 + h′ψ2)dξ

− 2Aφ(h(x) − h(xν)) −
∫ x

xν

(Aφ − ψ2)((h′)2 − 2F2(ψ)ξ−2)dξ.

Observing that

2

∫ x

xν

(ψ2 − ψ2
0 + h′ψ2)dξ

=2

∫ x

xν

(
(ψ2

0)
′h + · · · + (ψ2

0)
(p)

p!
hp

+ h′
(
ψ2

0 + · · · + (ψ2
0)

(p−1)

(p − 1)!
hp−1

)
+ O(|hp+1| + |hph′|)

)
dξ

=2

∫ x

xν

((
ψ2

0h + · · · + (ψ2
0)

(p−1)

p!
hp

)
ξ
+ O(|ξ−µ(p+1)| + |ξ−µp−1|)

)
dξ

=2ψ2
0h + O(|h(xν)| + |x−2µ| + |x−2µ

ν |),

if µ(p− 1) ≥ 1, and that ψ(xν)−ψ0(xν) ¿ h(xν)ψ
′
0(xν), and using (3.10) and (3.4), we

have

χ =(4ψ′
0 − 2(Aφ − ψ2

0))h +

∫ x

∞
(Aφ − ψ2

0)(2F2(ψ0) − F1(ψ0, b0)
2)

dξ

ξ2
+ O(x−2µ)

=b′0h +

∫ x

∞
(Aφ − ψ2

0)(2F2(ψ0) − F1(ψ0, b0)
2)

dξ

ξ2
+ O(x−2µ).

Combining this with (3.9) and (3.11) we have the following.

Proposition 3.2. Under supposition (3.7) with 0 < µ ≤ 1, h and χ = b − b0 satisfy

h = −
∫ x

∞
F1(ψ0, b0)

dξ

ξ

+

∫ x

∞

(
F2(ψ0) −

3

2
F1(ψ0, b0)

2
)dξ

ξ2
+

1

2

∫ x

∞

χ − b′0h

Aφ − ψ2
0

dξ

ξ
+ O(x−2µ),

χ − b′0h =

∫ x

∞
(Aφ − ψ2

0)(2F2(ψ0) − F1(ψ0, b0)
2)

dξ

ξ2
+ O(x−2µ)

and χ ¿ x−µ in Šcut(φ, t∞, κ0, δ0), in which each integral converges.

4. Proofs of the main theorems

Theorems 2.1 and 2.2 are immediately derived from the following proposition.

Proposition 4.1. Under supposition (3.7) with 0 < µ ≤ 1,

h(x) = −2((θ0 − θ1)
2 + θ2

∞)

Aφ − 1
x−1 −

∫ x

∞
F1(ψ0, b0)

dξ

ξ
− 3

2

∫ x

∞
F1(ψ0, b0)

2dξ

ξ2
+ O(x−2µ)
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in Šcut(φ, t∞, κ0, δ0), where∫ x

∞
F1(ψ0, b0)

dξ

ξ
¿ x−1,

∫ x

∞
F1(ψ0, b0)

2dξ

ξ2
¿ x−1.

Derivation of Theorems 2.1 and 2.2. By Proposition 3.1 or [11, Theorem 2.1],

estimate (3.7) with µ = 1/9 is valid, and Proposition 4.1 with µ = 1/9 leads us to (3.7)

with h(x) ¿ x−2/9 in Šcut(φ, t∞, κ0, δ0). Then Proposition 4.1 with µ = 2/9 yields the

asymptotic formula for h(x) with the error term O(x−4/9) and the estimate h(x) ¿ x−4/9.

Twice more repetition of this procedure leads us to the desired asymptotic formula for

h(x) of Theorem 2.2 in Šcut(φ, t∞, κ0, δ0). By Remark 2.1, in Šcut(φ, t∞, κ0, δ0),

(y(x) + 1)(y(x) − 1)−1 − A
1/2
φ sn((x − x0)/2; A

1/2
φ ) ¿ ψ′

0(x)h(x),

where the left-hand side is holomorphic in S(φ0, t∞, κ0, δ0). By the maximal modulus

principle, we have Theorem 2.1. ¤

Remark 4.1. By the argument above with (3.9) or Proposition 3.2, in S(φ, t∞, κ0, δ0)

b(x) = b0(x) + O(x−1).

To complete the proofs of Theorems 2.1 and 2.2 it remains to establish Proposition

4.1. The main part of the proof consists of evaluation of integrals, in which the following

primitive functions are used [10, Lemma 6.3].

Lemma 4.2. Let ν0 = (1 + τ0)/2 with τ0 = Ωb/Ωa. Then, for sn u = sn(u; A
1/2
φ ),∫ u

0

du

1 − sn2u
=

1

(Aφ − 1)Ωa

×
(
Eau +

ϑ′

ϑ

( u

Ωa

− 1

4
+ ν0, τ0

)
+

ϑ′

ϑ

( u

Ωa

+
1

4
+ ν0, τ0

)
+ c1

)
,∫ u

0

sn u du

1 − sn2u
=

1

(Aφ − 1)Ωa

(ϑ′

ϑ

( u

Ωa

− 1

4
+ ν0, τ0

)
− ϑ′

ϑ

( u

Ωa

+
1

4
+ ν0, τ0

)
+ c2

)
,∫ u

0

du

1 − Aφsn2u
=

1

(1 − Aφ)Ωa

(
Eau +

ϑ′

ϑ

( u

Ωa

− 1

4
, τ0

)
+

ϑ′

ϑ

( u

Ωa

+
1

4
, τ0

))
+ u,∫ u

0

sn u du

1 − Aφsn2u
=

1

A
1/2
φ (1 − Aφ)Ωa

(ϑ′

ϑ

( u

Ωa

+
1

4
, τ0

)
− ϑ′

ϑ

( u

Ωa

− 1

4
, τ0

)
+ c3

)
,∫ u

0

du

(1 − sn2u)2
=

−1

6(Aφ − 1)2Ωa

(( d

du

)2

+ 4(1 − 2Aφ)
)(

Eau +
ϑ′

ϑ

( u

Ωa

− 1

4
+ ν0, τ0

)
+

ϑ′

ϑ

( u

Ωa

+
1

4
+ ν0, τ0

))
− Aφ

3(Aφ − 1)
u,∫ u

0

sn u du

(1 − sn2u)2
=

−1

6(Aφ − 1)2Ωa

(( d

du

)2

+ 1 − 5Aφ

)(ϑ′

ϑ

( u

Ωa

− 1

4
+ ν0, τ0

)
− ϑ′

ϑ

( u

Ωa

+
1

4
+ ν0, τ0

)
+ c4

)
,

where cj (1 ≤ j ≤ 4) are some constants.
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Proof. Recall the notation 4K = Ωa, 2iK ′ = Ωb and k = A
1/2
φ . Observing the be-

haviours around the poles u = 2K ± K, we have

(k2 − 1)(sn2u − 1)−1 ≡ k2(sn2(u − K + iK ′) − 1),

and

k2(sn2(u − K + iK ′) − 1)

+
1

Ωa

d

du

(ϑ′

ϑ

( u

Ωa

− 1

4
+ ν0, τ0

)
+

ϑ′

ϑ

( u

Ωa

+
1

4
+ ν0, τ0

))
≡ c0

(cf. [3], [12]). Integration on [−iK ′,−iK ′ + K] yields c0 = −Ea/Ωa, which implies the

first formula. From

(k2 − 1)2(sn2u − 1)−2 ≡ k4cn4(u − K + iK ′),

and

k4cn4(u − K + iK ′)

+
( 1

6Ωa

( d

du

)3
+

2(1 − 2k2)

3Ωa

d

du

)(ϑ′

ϑ

( u

Ωa

− 1

4
+ ν0, τ0

)
+

ϑ′

ϑ

( u

Ωa

+
1

4
+ ν0, τ0

))
≡ c0

with

k4

∫ K

0

cn4udu =
1

6
(2k2 − 1)Ea +

k2

12
(1 − k2)Ωa,

the primitive function of (sn2u − 1)−2 follows. ¤

4.1. Evaluation of integrals. Write

g(s) =
Ea

2
s +

ϑ′

ϑ

( s

Ωa

, τ0

)
,

which is bounded for 2s + x0 ∈ S(φ, t∞, κ0, δ0) and satisfies g((x− x0)/2) = b(x). Then,

by Lemma 4.2,∫ s

∞

sn σ

1 − sn2σ

dσ

σ̃
=

1

(Aφ − 1)Ωa

∫ s

∞

(ϑ′

ϑ

(σ − α0

Ωa

)
− ϑ′

ϑ

(σ + α0

Ωa

))
σ

dσ

σ̃

¿
∣∣∣∣(ϑ′

ϑ

(s − α0

Ωa

)
− ϑ′

ϑ

(s + α0

Ωa

))1

s̃

∣∣∣∣ +

∣∣∣∣∫ s

∞

(ϑ′

ϑ

(σ − α0

Ωa

)
− ϑ′

ϑ

(σ + α0

Ωa

))dσ

σ̃2

∣∣∣∣ ¿ s−1

and ∫ s

∞

1

1 − sn2σ

dσ

σ̃
=

1

(Aφ − 1)Ωa

∫ s

∞

(
Eaσ +

ϑ′

ϑ

(σ − α0

Ωa

)
+

ϑ′

ϑ

(σ + α0

Ωa

))
σ

dσ

σ̃

=
1

(Aφ − 1)Ωa

∫ s

∞
(g(σ − α0) + g(σ + α0))σ

dσ

σ̃

¿
∣∣∣(g(s − α0) + g(s + α0))

1

s̃

∣∣∣ +

∣∣∣∣∫ s

∞
(g(σ − α0) + g(σ + α0))

dσ

σ̃2

∣∣∣∣ ¿ s−1

with σ̃ = σ + x0/2, s̃ = s + x0/2 and α0 = (1/4 + ν0)Ωa, which also implies the

convergence of these integrals. Then we may write∫ x

∞
F1(ψ0, b0)

dξ

ξ
=

∫ x

∞

(4(θ0 + θ1)ψ0 − b0)

2(Aφ − ψ2
0)

dξ

ξ
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=2(θ0 + θ1)

∫ x

∞

ψ0

Aφ − ψ2
0

dξ

ξ
− b0(x0)

2

∫ x

∞

1

Aφ − ψ2
0

dξ

ξ
+

4

Ωa

∫ x

∞

b(ξ)

Aφ − ψ2
0

dξ

ξ

=
2(θ0 + θ1)

A
1/2
φ

∫ s

∞

sn σ

1 − sn2σ

dσ

σ̃
− b0(x0)

2Aφ

∫ s

∞

1

1 − sn2σ

dσ

σ̃
+

4

AφΩa

∫ s

∞

g(σ)

1 − sn2σ

dσ

σ̃
, (4.1)

with σ = (ξ − x0)/2, s = (x − x0)/2, b0(x0) = β0 − 2EaΩ
−1
a x0. On the last two lines

of (4.1) the first two integrals converge, and consequently, by Proposition 3.2, so the

integral containing b(ξ) or g(σ). Let us evaluate it. Set

J0 := (Aφ − 1)Ωa

∫ s

∞

g(σ)

1 − sn2σ

dσ

σ̃
=

∫ s

∞
(g(σ − α0) + g(σ + α0))σg(σ)

dσ

σ̃
.

For any sequence {sν} with sν = (xν − x0)/2,∫ s

sν

gσ(σ + α0)g(σ)
dσ

σ̃
=g(σ + α0)g(σ)σ̃−1

]s

sν

−
∫ s

sν

g(σ + α0)gσ(σ)
dσ

σ̃
+

∫ s

sν

g(σ + α0)g(σ)
dσ

σ̃2

= −
∫ s+α0

sν+α0

g(ρ)gρ(ρ − α0)
dρ

ρ̃ − α0

+ O(s−1) + O(s−1
ν )

= −
∫ s

sν

gσ(σ − α0)g(σ)
dσ

σ̃
+ O(s−1) + O(s−1

ν ),

which implies J0 ¿ s−1. Thus we have the following crucial estimate.

Proposition 4.3. In Šcut(φ, t∞, κ0, δ0),∫ x

∞
F1(ψ0, b0)

dξ

ξ
=2(θ0 + θ1)

∫ x

∞

ψ0

Aφ − ψ2
0

dξ

ξ

− b0(x0)

2

∫ x

∞

1

Aφ − ψ2
0

dξ

ξ
+

4

Ωa

∫ x

∞

b(ξ)

Aφ − ψ2
0

dξ

ξ
¿ x−1,

where each integral on the right-hand side is O(x−1).

Observe that∫ x

∞
F2(ψ0)

dξ

ξ2
=

∫ x

∞

2(2(θ0 − θ1)θ∞ψ0 + (θ0 − θ1)
2 + θ2

∞)

(1 − ψ2
0)(Aφ − ψ2

0)

dξ

ξ2

=
1

Aφ(Aφ − 1)

(
2(θ0 − θ1)θ∞A

1/2
φ

∫ s

∞

( Aφsn σ

1 − Aφsn2σ
− sn σ

1 − sn2σ

)dσ

σ̃2

+ ((θ0 − θ1)
2 + θ2

∞)

∫ s

∞

( Aφ

1 − Aφsn2σ
− 1

1 − sn2σ

)dσ

σ̃2

)
.

In the last line∫ s

∞

Aφ

1 − Aφsn2σ

dσ

σ̃2
=Aφ

∫ s

∞

(g(σ − Ωa/4) + g(σ + Ωa/4)

(1 − Aφ)Ωa

+ σ
)

σ

dσ

σ̃2

= − Aφs
−1 + O(s−2),

and the remaining three integrals are O(s−2). Thus we have the following.
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Proposition 4.4. In Šcut(φ, t∞, κ0, δ0),∫ x

∞
F2(ψ0)

dξ

ξ2
= −2((θ0 − θ1)

2 + θ2
∞)

Aφ − 1
x−1 + O(x−2).

4.2. Proof of Proposition 4.1. By Proposition 3.2, we have

h(x) = −
∫ x

∞
F1(ψ0, b0)

dξ

ξ
+

∫ x

∞

(
F2(ψ0) −

3

2
F1(ψ0, b0)

2
)dξ

ξ2
+

1

2
J1 + O(x−2µ) (4.2)

with

J1 =

∫ x

∞

1

Aφ − ψ2
0

∫ ξ

∞
(Aφ − ψ2

0)(2F2(ψ0) − F1(ψ0, b0)
2)

dξ1

ξ2
1

dξ

ξ
.

Then

J1 =

∫ x

∞

1

Aφ − ψ2
0

dξ

ξ
·
∫ x

∞
(Aφ − ψ2

0)(2F2(ψ0) − F1(ψ0, b0)
2)

dξ1

ξ2
1

−
∫ x

∞

∫ ξ

∞

1

Aφ − ψ2
0

dξ1

ξ1

· (Aφ − ψ2
0)(2F2(ψ0) − F1(ψ0, b0)

2)
dξ

ξ2
¿ x−2,

since
∫ x

∞(Aφ−ψ2
0)

−1ξ−1dξ ¿ x−1. Insertion of J1 into (4.2) combined with Propositions

4.3 and 4.4 yields the desired expression of h(x). Thus we have Proposition 4.1.

4.3. Further calculation of integrals for h(x). In the expression of h(x) in Propo-

sition 4.1, the second integral becomes∫ x

∞
F1(ψ0, b0)

2dξ

ξ2
=

2

Aφ

(θ0 + θ1)
2

∫ s

∞

( 1

(1 − sn2σ)2
− 1

1 − sn2σ

)dσ

σ̃2

− (θ0 + θ1)

A
3/2
φ

∫ s

∞

(b0(x0) − 8Ω−1
a g(σ))sn σ

(1 − sn2σ)2

dσ

σ̃2

+
1

8A2
φ

∫ s

∞

b0(x0)
2 − 16Ω−1

a b0(x0)g(σ) + 64Ω−2
a g(σ)2)

(1 − sn2σ)2

dσ

σ̃2

=
4(θ0 + θ1)

2

3(Aφ − 1)
x−1 +

b0(x0)
2

12Aφ(Aφ − 1)
x−1 +

4b0(x0)

3Aφ(Aφ − 1)Ωa

∫ x

∞
b(ξ)

dξ

ξ2

+
16(θ0 + θ1)

Ωa

∫ x

∞

b(ξ)ψ0

(Aφ − ψ2
0)

2

dξ

ξ2
+

16

Ω2
a

∫ x

∞

b(ξ)2

(Aφ − ψ2
0)

2

dξ

ξ2
+ O(x−2). (4.3)

This is obtained by using∫ s

∞

1

(1 − sn2σ)2

dσ

σ̃2
=

Aφ

3(Aφ − 1)
s−1 + O(s−2),∫ s

∞

1

1 − sn2σ

dσ

σ̃2
¿ s−2,

∫ s

∞

sn σ

(1 − sn2σ)2

dσ

σ̃2
¿ s−2

and ∫ s

∞

g(σ)

(1 − sn2σ)2

dσ

σ̃2
= − Aφ

3(Aφ − 1)

∫ s

∞
g(σ)

dσ

σ̃2
+ O(s−2).

In deriving the last equality we note the following:∫ s

∞
(g(σ + α0) + g(σ − α0))σg(σ)

dσ

σ̃2
,

∫ s

∞
(gσ(σ + α0) + gσ(σ − α0))σgσ(σ)

dσ

σ̃2
¿ s−2,
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which are shown by the same way as in the proof of J0 ¿ s−1 in Section 4.1. By (4.1)

and (4.3), h(x) is written in the form

h(x) = − 2(2θ2
0 + 2θ2

1 + θ2
∞)

Aφ − 1
x−1 − 2(θ0 + θ1)

∫ x

∞

ψ0

Aφ − ψ2
0

dξ

ξ

+
b0(x0)

2

∫ x

∞

1

Aφ − ψ2
0

dξ

ξ
− 4

Ωa

∫ x

∞

b(ξ)

Aφ − ψ2
0

dξ

ξ

− b0(x0)
2

8Aφ(Aφ − 1)
x−1 − 2b0(x0)

Aφ(Aφ − 1)Ωa

∫ x

∞
b(ξ)

dξ

ξ2

− 24

Ωa

(θ0 + θ1)

∫ x

∞

b(ξ)ψ0

(Aφ − ψ2
0)

2

dξ

ξ2
− 24

Ω2
a

∫ x

∞

b(ξ)2

(Aφ − ψ2
0)

2

dξ

ξ2
+ O(x−2).

4.4. Proof of Theorem 2.3. Recalling Remark 4.1 and combining∫ x

∞
(Aφ − ψ2

0)F2(ψ0)
dξ

ξ2
= −2((θ0 − θ1)

2 + θ2
∞)x−1 + O(x−2)

with the second equality of Proposition 3.2, we obtain Theorem 2.3 by the same argu-

ment as in the derivation of Theorems 2.1 and 2.2. Furthermore we have

b(x) =b0(x) + b′0(x)h(x) − 4(2θ2
0 + 2θ2

1 + θ2
∞)x−1

− 16(θ0 + θ1)

Ωa

∫ x

∞

b(ξ)ψ0

Aφ − ψ2
0

dξ

ξ2
− 16

Ω2
a

∫ x

∞

b(ξ)2

Aφ − ψ2
0

dξ

ξ2
+ O(x−2)

as in Remark 2.3.
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