TWO ERROR BOUNDS OF THE ELLIPTIC ASYMPTOTICS FOR
THE FIFTH PAINLEVE TRANSCENDENTS

SHUN SHIMOMURA

ABSTRACT. For the fifth Painlevé equation it is known that a general solution is
represented asymptotically by an elliptic function in cheese-like strips near the point at
infinity. We present an explicit asymptotic formula for the error term of this expression,
which leads to an estimate for its magnitude as was conjectured. An analogous formula
is obtained for the error term of the correction function associated with the Lagrangian.
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1. INTRODUCTION

The fifth Painlevé equation

1 1 y o (y— 1>2 be y  yly+1)
" N2
— [ — - _Z A, _ 2 g _ 2L 7 P+
y (2y y—1)<y) T 2 <a9y y) CQI 2(y—1)’ ( )

in which 8@9 = (60 - 91 +900)2, 8b9 = (00 — 91 — 900)2, Cyp = 1— 00 — 91 with 60, (91, 900 € C,
governs the isomonodromy deformation of a linear system of the form

—y

% :(ga3+ %jL )\{11>:

_ (1 0 3+ 00/2 —u(3+6h)

03_(0 —1)’ AO—( 5/u _3_90/2)7

A = =3 (6o +0x)/2 uy(3 + (0o — 01 + 0.0)/2)
' _(Uy>_1(3 + ((90 +6; + (900)/2) 3+ (90 + 900)/2

(cf. [1], [10, (1.1)], [11, (3.1)]) with the monodromy data (M°, M') = ((my;), (m;;)) €
SL,(C)?* defined along loops surrounding A = 0 and 1, respectively. Then a general
solution y(x) of (Py) is parametrised by (M°, M) [1, Section 2]. As in [10, 11, Theorem

2.1], for each ¢ such that 0 < |¢| < 7/2, y(x) admits an expression of the form

y(e) +1

y(a) =1
with A(z) = O(z~%°%) for any ¢ satisfying 0 < ¢ < 2/9 as x = ¢t — oo through
the cheese-like strip S(¢, oo, Ko, dp), where v = sn(z; k) is the Jacobi elliptic function
such that v? = (1 — v?)(1 — k?v?), and the symbols Ay, xo and S(¢, e, Ko, do) are as in
(1) and (3) below. Since A, does not depend on the solution y(x), the leading term of

= Ay%sn((z — 20)/2 + A(z); AY?) (1.1)

the expression above contains the integration constant xy depending on (MY M) and
1
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the other integration constant appears in the error term A(x). Moreover A(z) may be
treated in studying, say, the 7-function [8, p. 121], and degeneration into trigonometric
asymptotics [8, Section 4]. For these facts detailed study on A(x) is desirable. Under
the supposition A(z) = O(z™!), an asymptotic form of A(x) containing the other inte-
gration constant is discussed in [10, Theorem 2.3 and Corollary 2.4]. For the 7-function
associated with (Py) Iwaki [5], by the method of topological recursion, obtained a con-
jectural full-order expansion yielding the elliptic expression of solutions.

In this paper we unconditionally present an explicit expression of A(x), which leads
to the estimate A(xz) = O(z™') as was conjectured. The correction function By(t)
[11, (5.5)] for the Lagrangian of y(z) contains information about asymptotics (see also
[8, Section 3]). An analogous explicit formula is obtained for the error term of the
asymptotic expression of By(t).

Our results are stated in Theorems 2.1, 2.2 and 2.3. In Section 3, from a system
of equations equivalent to (Py) we derive integral equations containing the error term
h(z) = A(x)/2. The final section is devoted to the proofs of main theorems by using
these equations, in which our argument is quite different from those in [4], [2, Chapter
8], [6] and [9] applied to (Py) and (Py).

Throughout this paper we use the following symbols.

(1) For each ¢ € R, A, € C is a unique solution of the Boutroux equations

’ [Ay — 22 , [Ag — 22
ip @ ip ¢
Ree /a 2 dz = Ree /b 2 dz=0

[10, Section 7]. Here a and b are basic cycles as in Figure 1.1 on the elliptic curve
IT* = [T} UTT* given by w(Ag, 2) = /(1 — 22)(Ag — 22) such that IT% and II* are glued

along the cuts [—1, —A;ﬁ/g] U [A;/Q, 1] with 0 < Re A;/Z < 1; and the branches of the

square roots
\/A¢_22:\/A¢_22 \/(A _22)(1_22):\/A _22\/1_22
1 _ 22 /1 — 22 ? o] ¢
are determined by 27!y /A, — 22 — i and 27'v/1 — 22 — i as z — 0o on the upper sheet
1% .

1/2
Ay

1/2
—Ay

FiGURE 1.1. Cycles a, b on IT*

(2) The periods of IT* along a and b are

dz dz
e = / gz T / w(Ag,2)’
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. A¢—Z2 . A¢—22
Sa—/a\/ - dz, Sb—/b\/ - dz.

-1
Ty = E(Qb log(m3;mi,) + Qalogmy) — (%Qa +Op) (0o +1) — %Qa mod 20,7 + 207,

and write

(3) Set

in which my = m?, if —7/2 < ¢ < 0, and = e ™= (mq,)~" if 0 < ¢ < 7/2. For given
positive numbers kg, 0o and t,

S(¢,tso, k0, 00) = { = €t |Ret > too, [Imt| < ro}\ | {lz — o] <do}

g€Py

with Py = {o|sn((c — x¢)/2; A;/Q) =00} = {zg+ QZ+ W (2Z + 1)}, and

S(¢,too, Ko, 00) = S(, too, K0, 00) \ | {2 — 0| < 6o}
o€Q
with @ = {o|sn((0 — z0)/2; A(lﬁ/z) = :I:A;l/z, +1}, in which dy is also supposed so small
that {|z — 01| = do} N{|Jx — 03] = 0o} = 0 for any oy, 09 € Py U Q, 01 # 09. For
o = €%, € Q let I(0) be the line defined by x = e®(Ret, + in) with n > Imt, if
Imt, > 0 (respectively, n < Imt, if Imt, < 0); and, if necessary, modify /(o) not to
touch other circles {|x — 0’| = 0o} with o’ € PyUQ\ {o} by suitable replacement of local
segments on (o) with arcs. Then let Seu(, too, Ko, do) denote S(e, ts, Ko, ) equipped
with the cuts along (o) or its modification for all ¢ € Q (cf. Figure 1.2).

®
© © © © ©
® ®
© © o © 0
®
o€Py, €@
(a)  S(¢too, Ko, o) (b)) Seut(® too, Ko, J0)

FiGURE 1.2. Cheese-like strips

(4) For Im 7 > 0,
,19(2’ 7_) _ Z eﬂ'i‘rn2+27rizn

nez
with ¥'(z,7) = (d/dz)Y(z, T) is the ¥-function [3], [12]. Note that ¥(z £ 1,7) = V(z,7),
Iz +7,7) = e ™OE22Y (2, 7).
(5) We write f < gor g> fif f=0(g).
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2. MAIN RESULTS
Our results are stated as follows.
Theorem 2.1. Suppose that 0 < |¢| < 7/2. Let y(z) be the solution of (Pv) corre-
sponding to (M°, M') = ((m?), (m})) with m9,m},m%,mi, # 0. Then

v )

P = A sn((o — )2 A1) + O™

as x — oo through the cheese-like strip S(,ts, ko, 00), where Ky is a given number,

a given small number, and to, = too(kKo,00) a large number depending on (Ko, o).

Set
o(z) = AY?sn((x — 20)/2; AY?),
B 28, S/ 1 s
bo(x)_ﬂo_sz_ax 0. 19(2(2 <x_$0)’70)’ (LN
A 91 Qa
b() = (o = 20) + 5 (5o (&~ 20).70) = 5" (bof) — o))
with
8 0 1 . 2E,
Bo = _Q_(log(m21ml2> + mi(0s + 1)),  bo(xo) = Bo — Q—l'o,

where 1o(x), by(z) and b(z) are bounded in S(¢, to, Ko, do)-

Theorem 2.2. The error term A(x) = h(x)/2 in (1.1) is represented by

_ 2 2 z
h(x) _ _2((‘90 Ajl_) 1+ goo)xfl _/ F1<w0,b0>d£§ . ;/ F1(¢0,b0) §_§+ O( )
ith
) Pyl ty) = OO0 200 ), o= b
1 0,Y0) — 2(A¢—7,D(2)) ) 0 — %o ) 0 — Yo .
H
o /x Fl(w(] bo)% <K 1771 /m F1<’§D0 b0)2% < xil
o0 g L) R

as £ — 00 through Seu (P, too, Ko, 6). Furthermore,
wh(x) = hof35 + h1(2)Bo + ha(z) + O(x™1),
where hy = (1/8)A;1(1 — Ay () < 1, he(z) < 1.

Remark 2.1. Since (y(z)+1)(y(x) — 1)~ = ¢o(x + h(z)), we have, in each neighbour-
hood of o € Scut(¢, toos K0y 00),

y(z) +1
y(z) — 1

which implies the single-valuedness of h(x) in S (gb, toos K0, 0p). In showing Theorem 2.2,

¢ )

—A;/zsn((:c—mo)/Q A1/2 :Z h(zx)? ~ () h(z),

for convenience’ sake, the integral representations have been treated in Scut(gb, toos K0, 00),
in which a contour joining x to oo is topologically specified, to avoid the possible multi-
valuedness of each integral around the pole at o € Q.
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Remark 2.2. Note that (Py) is equivalent to the system

zly—vy)  Oo+0; 1
- By — 6y + 6,
2y—17 a1 a0t

23 =33+ 5000 — 01+ 0x)) —y ' (3+00) (5 + 5(00 + 01 + 0))

governing the isomonodromy deformation [1]. By Theorem 2.2, from (1.1) it follows
that

)N A;/Q sn'(L(x — 2 "(z sn”((z -z x 2
S —Tp = e (2 G — )+ (@) (e — a)h(a)) + Ol
and 2(y —1)7* 1/2( n(3(z — )+ ss0'(5(z — 20))h(x)) — 1 in S(¢, to, Ko, &), Where
h(z), M (z) < x 1, nz =sn (z,A¢/2) and sn’z = “sn 2. Then we have

3(z) == (Ajfsn (La — o)) + Agsn®(L(z — o)) — 1)

8
h /
+= 1(635) (A5 s0" (3 (x — 20)) + 24553 (x — wo))su' (3 (x — 20)))
12 8<x‘) AP’ (3(x — 29)) + = Z FA (3 (x — x0)) - % +OE™:

Recall the correction function By(t) such that ay = Ag + ¢~ By(t), where

Al (y*)? — )
y(y — 1)

. —1
+ 672“1) (y ; )((‘90 _ 01 + 600)23/ — (90 — 01 - 900)2>t72

: 1
+de= (0 + 61) 2 i 1t—
y—

a¢:1—

with = €%t [11, (3.5)]. In particular, g rag :=
y(e't). In this case, let b(z) be such that

y—dy/d 18 the Lagrangian of y =

b(x)

e~ 0b(e't
a¢7Lag = A¢ —|— T = A¢ —f- #

t
If y* = dy/dt, then b(z) = €“By(t). (In [10], ag and By(t) are defined under the
condition y* = dy/dt.)

Theorem 2.3. Under the same suppositions as in Theorems 2.1 and 2.2,

() — bo(z) = By()h(x) — (B — 6:)° + 62)a")
-/ Ay — G2V F (. bo)? ? L o),
in which by(x) = 4y — 2(As — ¥3), and
/: (Ag — 02)Fi(do, w% <o

as © — 00 through Seu(®, teo, Ko, 00), and b(z) — by(z) < ' in S(@, tes, Ko, do).-
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Remark 2.3. As calculated in Section 4 the integrals above are written in the form

/ F1(¢0,bo)% :2(90+91)/ L

¢ } — 3 &
Sy A;wof*ﬂ [awe
/oo FMOJ)O)Q% N 16(901;2)(2j¢¢j 1b)0(xO> o 3A¢?Z(;(?)1) b%
P [ et o roe

/ x(Aqb—wé)Flwo, bo>2§

90—1—«91 RS z b2 d& _g
= %10
/A¢—wof2+ L%—w%&” (=),

in which each integral on the right-hand sides is O(z~!), and immediately yield detailed
expressions of h(z) and b(z) — by(z) (see Section 4.3).

= 4(60 + 91)21‘_1

3. SYSTEM OF INTEGRAL EQUATIONS

To prove our theorems, we recall the following facts [10, Section 6].
(1) For the solution y(z) of (Py), (¥(x),b(z)) with ¥(z) = (y(z) + 1)(y(z) — 1)7?
solves a system of equations
AW =(1 = *)(Ag — 9*) — (1 = ) (4(6 + 01)1 — bz~
+ 4(2(90 — 91)000¢ + (90 — 91)2 -+ 930)1'72, (31)
V =—2(Ay — %) + 40 + (4(60 + 01)¢ — bz, (3.2)

where b = b(x) is as defined in Section 2 by using the Lagrangian a g

(2) ¢o(z) and by(z) are bounded in S(@, too, ko, do) and fulfil

A1) = (1 = 95)(As — ¥0), (3-3)
bo = —2(Ay — ) + 4vg (3.4)
[10], which at least formally approximates system (3.1), (3.2).

Proposition 3.1. Equations (3.1), (3.2) admit a solution (¢ (x),b(x)) such that
Y(z) = Yolx + h(x)) with h(z) < 7% and b(x) — bo(r) < 7% as 2 — o0
through S(¢, teo, Ko, 00) for any 0 < e < 2/9. Furthermore by(z) and b(x) are bounded.

Proof. As in [11, Section 5], the correction function b*(x) := € By(t) admits the
asymptotic expression b*(x) — bo(r) < x7%°+<  which follows from [11, (5.5)] with
d = 2/9 —e. (Here we note that, in the argument of [11, Sectios 4 and 5] as well, ¢ is so
chosen in accordance with the annulus A, in [10, p. 64].) By the justification scheme [11,

Section 5] with [7], for b(z) corresponding to the Lagrangian ay 1., as well, the estimate
b(x) — bo(z) < £~%°* remains valid. O
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From Proposition 3.1 with (3.3), it follows that 2¢'(z) = 2(1 + A'(z))yy(z + h(z)) =
(L+ 1) /(1 = tho(@ + 1)) (A — do( + 1)?) = (1+h')/(1 = 9?)(Ag — ¥?). Then (3.1)
becomes (1 + h')2 =1 —2F, (¢, b)z~ + 2F, ()22, which yields

W= —Fi(¢,b)x™ + (Fa(4) — 3F1($,0)))a™ + O(2) (3.5)
in S(¢,teo, ko, d), where
Fi(4,b) = 4(00 + 01)Y — b’ Fy(s) = 2(2(0p — 61)0scth + (00 — 61)* + 930)

2(Ap —¥?) (1 —92)(Ag —?)

Using ¢ = ¢ + ¥yh + O(h?), we have
W' =— Fi(io, b)x™" 4 (Fy(tho) — 3 F1 (4o, b)) ™2
— (F1)y (o, b)vpha ™" + Oz~ (|2~ | + [A])?). (3.6)
In what follows we suppose that, for a positive number pu < 1,
h(z) <z (3.7)

in Seut (¢, too, Ko, 0o). By Proposition 3.1, estimate (3.7) is true if, say, u = 1/9.
Let {2,} C Scut(®, oo, Ko, %) be a given sequence such that |z, < -+ < |2,| < ---,
|z,| — oo. Then, by (3.2) and (3.4)

_ “ r - 2 ’ o %
b(xz) —b(z,) = /xu (4" — 2(Ap —¥*))dE + /x,, (4(00 + 01) — b) e
bo(x) — bolz,) = / (495 — 2( Ay — 2))de,

from which we derive, for & € Seui (¢, too, K0, 60) With |z| < |z,],

b(x) = bo(z) = (b(xy) — bo(xy)) = 4(p(x) = Yo(x) — (V(20) — Yo(20)))
dg

v2 @ =g vz [ (- PR@HG (3.5)

In this equality, by (3.7) and Proposition 3.1,

V(@) = vo(x) — (W) — Yo(w0)) < [h(2)] + |h(zy)] < |27 + [x,"],
b(z,) — bo(x,) < x,%/°F=.

Furthermore,
T B x , (wQ)// (¢2)(p) ) ,
_ ’ ) W3)FD N\ » »
= —2/% <¢(2) + (W) h -+ —(po_ ] h 1>hd§+0(|x |+ [z")),

if —(p+1)p+1< —p,ie —ppu+1<0;and by (3.5) and (3.7),

2 / Ay — ) EA(, b)% - / (Ay — ) (I + O(E2))de

_ 2/Z(A¢ = YO AE+ O(l27 | + [, ),
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where
~2 [ (g vt
! 2 2\/ (w%)(p—l) 1 /
22/ (% + (W) h+---+ Wh’" )h d€ + O(|lz™] + [z,"]),
since b’ < €71 by (3.6) and (3.7). Insert these quantities with p such that —pu +1 <0
into (3.8). Under the passage to the limit =, — oo, we arrive at the estimate
b(z) — bo(z) < ™" (3.9)

in Seut (0, too, Ko, 0o). Then equation (3.6) is written in the form

W = —Fi(vo, b)z™" + (Fa(to) — 5F1(%0, b0)*)x™ = (F1)y (tbo, bo)pha™" + Oz~ 72#)
= —Fi (4o, bo)z™ ! + O(z~171). (3.10)

For any sequence {z,} C Seu(0, too, Ko, &), integration of this yields
h(z) — h(z,)

= /w Fl(wg,b)% + /x(Fz(wo) - %Fl(%,bo)z)% — Ty 4 O(|lz~] + |, )
with

z d

1y = / (F1)¢(¢0,b0)¢6h—£

3
= /: (F1(¢07 0) — (W)gbo> h%
— /: <F1 (Y0, 0) F1 (0o, bo) — bOFl;E/jX;bi)w_g)bghg)g

* as 1 [ byh dE 1 1
— I ba)2— 4 = 0 % 10 1—p 1—p
/x\y 1(7%7 0) 62 * 2 /iﬂu A¢ — w% 5 + (|$ ‘ + ‘xll |)a

where the third line is due to integration by parts. Hence we have, in Scut(gb, toos K0, 00),

ha) = - [ " R0, 0

oo §
“ 3 a 1 [* byh dE _
+/OO<F2(¢0)—§F1(¢07190)2)§—5/OO A¢i¢g?+0(ﬂf ), (3.11)

in which the convergence of f:; Fi (19, )¢~ d€ is guaranteed by the absolute convergence

+O0(lz™ 7+ o, )

of the remaining two integrals.
By (3.1) and (3.2),

A()?
1— g2
From this combined with (3.4) and 2¢" = (1 + h')/(1 — ¢?)(As — ¢?), it follows that

(b= bo) = 2(¢* — ¥g) + 4 — o) — 21/ (Ay — V) (L + 1/ /2) + 2(Ay — V*) Fo(y)2 ™2,

W =—(4y — ) + ' — +2(Ag — V) Fa(v)z >
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and then, for any {2,} C Seuwt(®, too, K0, 00), X 1= b — by satisfies

() — x() =400 — o) — 4((@) — dho(a)) +2 / "W g2 1 W) de

= 24(h(o) = i) ~ [ (Ag = D)) - 2B i
Observing that
(0 = i + 0
: (W)

J/
_zfmx((wg)'th...Jr #h”

v

+h’(¢§+---+ <(1j;0)_ D hP~ 1) +O(|hp+1|+|hph’|)>d§

<2 [((6gner e+ LB oo+ e
o O+ 5

if u(p—1) > 1, and that ¥(z,) — ¢¥o(z,) < h(z,)Y)(z,), and using (3.10) and (3.4), we
have

—(405 204, Db+ [ (A0 — R EF0) — Fiho b)) G +O™)

£2

dg
€2
Combining this with (3.9) and (3.11) we have the following.

i+ [ (= D) — R o)) g +Ol)

Proposition 3.2. Under supposition (3.7) with 0 < pu <1, h and x = b — by satisfy

= [ Fenm

= [ (B - SRmnp) G+ 3 [ AL o,

0o A¢ - @bo f
/o ! 2 d€ —21
== [ (A= )RR - Fulio, )5 5 + 0™

and X € 7" i1 Seut (D, to, Ko, 00), i which each integral converges.

4. PROOFS OF THE MAIN THEOREMS

Theorems 2.1 and 2.2 are immediately derived from the following proposition.

Proposition 4.1. Under supposition (3.7) with 0 < p < 1,

02 4 p2 x x
h(x):—Q((go Afl—) 1+ HW)x_l—/ooFl(wo,bo)%—g/oo Fi (o, by)* é + O(z™?)
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n Scut(¢, toos K0, 00), where

/2 F1(1/107b0)% <z, /I F1(1/107bo)2d—

: §§<<m

Derivation of Theorems 2.1 and 2.2. By Proposition 3.1 or [11, Theorem 2.1],
estimate (3.7) with p = 1/9 is valid, and Proposition 4.1 with g = 1/9 leads us to (3.7)
with h(z) < £72/% in Seu (b, too, Ko, 09). Then Proposition 4.1 with = 2/9 yields the
asymptotic formula for h(x) with the error term O(z~*/) and the estimate h(z) < x=4/°.

-1

Twice more repetition of this procedure leads us to the desired asymptotic formula for
h(x) of Theorem 2.2 in Sy (9, too, Ko, 80). By Remark 2.1, in Syt (9, too, K0, 00),

(y(x) + D (y(z) — 1) — A sn((z — 2)/2; AY?) < ¢p(a)h(z),

where the left-hand side is holomorphic in S(¢g, teo, K0, d0). By the maximal modulus

principle, we have Theorem 2.1. O
Remark 4.1. By the argument above with (3.9) or Proposition 3.2, in S(¢, ts, Ko, do)
b(x) = bo(x) + Oz ).

To complete the proofs of Theorems 2.1 and 2.2 it remains to establish Proposition
4.1. The main part of the proof consists of evaluation of integrals, in which the following
primitive functions are used [10, Lemma 6.3].

Lemma 4.2. Let vy = (1 + 79)/2 with 70 = QO /Qa. Then, for snu = sn(u; A;/Z),

/“ du 1
o 1—sn2u (A, —1)Qa

X(Eau—i——/(l—l—l—yo 7'0)+ (ﬂ—l- + To>+61)

v\Q, 4 ’ P\Q, 4 ’ ’
“ snudu 1 Vw1 Vw1
/01_Snzu:<A¢_1>Qa(5(g—a—z+”0”°> F(Q_a+4_1+y°’7°>+02>’

/u du = ! (5u+—/(i—17>+1’i(£+17 >—i—u

o L—Agn2u  (1—Ay)Qa\ 2 Q. 4% "o\, 4" ’

v
/” snudu 1 (19’<u+1 )_ﬁ’(u_l )+ )
o 1— Agsn?u —A;/2<1_A¢)Qa 9 \Q, 4" 9 \Q, ) Te)
/

/Ou § —ﬁ?uy ~6(4, :11)2§2a ((55) + 10 -240)) (g + %(Q% - rwm)

—l—ﬁ,(ﬂ—l—l—i-uo,m)) _?)(L%

AL Ay —1)
u ) 2 |
[t ey () +1 -5 (5 (3~ L)
¥ ru 1
_ 5<Q—a +Z+VO’TO) —{—04)’

where ¢; (1 < j < 4) are some constants.
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Proof. Recall the notation 4K = Q,, 2iK' = Q) and k = A;m. Observing the be-
haviours around the poles u = 2K + K, we have

(K* — 1)(sn’*u — 1)t = B*(sn?(u — K +iK') — 1),
and
E(sn*(u — K +iK') — 1)
!

1 dd/ru 1 Viuw 1
+Q—a@(5(9—a 1 + VQ,T()) + E(Q—a + 1 + Vo,T0)> =
(cf. [3], [12]). Integration on [—iK', —iK' + K] yields ¢g = —&,/$2a, which implies the
first formula. From
(K* — 1)*(sn’u — 1) 2 = k'en*(u — K +iK'),

and

Etent(u — K +iK')
/

oo () ) G e, 1) + 5 (g ) =

with

K
k4/ en*udu = (2]{:2 — D&+ — i (1 — K>,
; 6 12
the primitive function of (sn?u — 1)~ follows. O
4.1. Evaluation of integrals. Write
Ea Vs
g9(s) = 55T E(Q_a’T(])’

which is bounded for 25+ zy € S(¢, tw, Ko, dp) and satisfies g((x — x¢)/2) = b(x). Then,
by Lemma 4.2,

[ o <%<—f°> Z’!(”ga%))j;

<JEeR - e LR -

/-fﬁ%“:m/.j<faa+%!<“5:‘0>+%f<“$f°>>i§
1 s

do
= m/oo(g(ff —ag) +9(0 + ao))o—

< st

and

< st

y do
[ (6o = o)+ glo + ao) 55
with ¢ = o + 29/2, § = s + x9/2 and ay = (1/4 + 1), which also implies the
convergence of these integrals. Then we may write

[[rin- [t e

<9t = ao) + g5 +a0))z | +
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Yo Cbo(mo) (1 dE 4 [T B(E) d
Aas—% 2 /ooA¢—¢3§+Qa/ Ay—R €

90+91/ sno  do bo(xo)/s 1 do 4 /S g(o) do

1/2 1—sn%0 G 24 Jo 1 —sn?0 o * ApQa Joo 1 —sn20 &

=2(6p + 01)

with 0 = (£ — 20)/2, s = (v — x0)/2, bo(xg) = Bo — 282 wg. On the last two lines
of (4.1) the first two integrals converge, and consequently, by Proposition 3.2, so the
integral containing b(&) or g(o). Let us evaluate it. Set
? o) do ? do
o= (Ao =10 [ 202 — [ (g0 - au) + glo + an))oslo) 2
w L —sn?c & o G
For any sequence {s,} with s, = (z, — x0)/2,
s do 1
90(0 + 0)g(0) S =g(0 + a0)g(0)5 |

S

Sv

_/sjg<a+a0)ga<a)%“+/sjg<o+ao>g(o)i—i

s+ag

:—L ()l = )

v+ag
do

__ / 9ol = a0)g(0)Z + O(s71) + O(5,"),

@ o) + 0o
——

which implies Jy < s7!. Thus we have the following crucial estimate.

Proposition 4.3. In S.u (0, tee, Ko, 00),

d * d
/OO Fi(tbo, bo) 5 2(90+91)/00 A¢w—0¢§§

mu@/f L dg 4 [T 6o de
- — 4 <
Ay —U§ & QaJoo Ay — U5 €
where each integral on the right-hand side is O(z™1).
Observe that
d¢ [ 2(2(6p — 61)0sctho + (00 — 91)2 +62,) d¢
Fz(%) 5 = =
§ o0 (1 —¥§)(Ay — §
B 1 1/2 Agsno sno do
A4y — 1) ( (60— 01)0A; /Oo 1 — Agsn?oc  1-— sn2a> o2

1 do
J— 2 =9
+ (6o = 01)* + 0 )/00(1—A¢Sn2 1—Sn20>52).
In the last line

/sLd _A¢/s(9(a—Qa/4)+g(a—|—Qa/4)+0> do

1 — Agsn?o 52 (1— A4 o G2
=— Aygs  +0(s7?),

and the remaining three integrals are O(s~2). Thus we have the following.
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Proposition 4.4. In Sey(, tes, Ko, 0o),

[ = 2O

4.2. Proof of Proposition 4.1. By Proposition 3.2, we have

hz) = — /9“ Fl(%,bo)% + /x (FQ(@bo) - ;Fl(wo, bo) )Zﬁ + T+ 0@ (4.2)
with
Then
S :/ A, — q/;g_g ’ / (Ag — @/)g)(QFQ(%) — Fl(%Uo,bo)?)gi%l
dg
/ / A¢ — 2 51 (A — ¢g>(2F2(wo) - F1(¢0,bo) )g < 172

since [ (Ag—3) "1 dE < o7 Insertion of J; into (4.2) combined with Propositions
4.3 and 4.4 yields the desired expression of h(z). Thus we have Proposition 4.1.

4.3. Further calculation of integrals for h(z). In the expression of h(z) in Propo-
sition 4.1, the second integral becomes

- e 2 VS 1 \do
/OOF1(¢o,bo)2§ = A_¢<60 + 91)2/OO ((1 “enZo)?  1- sn%)ﬁ
(0o +61) /s (bo(xo) — 89;19(0))sn0d_0

Ai/Q (1 —sn%0)? o2

1 s bo(l’g)Q — 169;1170(1’0)9(0') + 649_2 ( )2) dO’
i 8AZ / (1 — sn20)?
4(00 + 91) _ bo(l‘g) _ 4b0 ZL’O
31" A, - D"t 3A,4, 10 /b
16 90 +61) b( fWo d§ b(£)?
g rve AR et AL S

This is obtained by using
5 1 do . A¢ 1 _9
/OO (1—sn20)262  3(As— 1)8 +0(s7),

/5 1 do < 52 /S sno  do < 52
— <5 — LS
~ 1 —sn?0 G2 " ) (1 —sn20)2 52

* oglo) do A s do
/oo (1—sn20)2§__3(,4¢¢— 1)/009( o)z 0.

In deriving the last equality we note the following:

and

s

[ 6o +a0) +900 = agl0) 53, [ (anlo+ aw) + gulo — a0)egolo) 5 < 57

o0 [e.9]
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which are shown by the same way as in the proof of Jy < s~ ! in Section 4.1. By (4.1)
and (4.3), h(x) is written in the form

2 2 2 T
bo(zo) (* 1 d€¢ 4 [ b() dE
2 / £ _/ Ay—yZ €

ooA¢_w8£ Qa ooA¢_w8£

b0<$0)2 _1 2b0<£[)0) z df
ISR WAL

24 Ty dE 24 [T B de _
- Q_J%”l)/oo A, e Q_/oo a,-upe TouT)

+

4.4. Proof of Theorem 2.3. Recalling Remark 4.1 and combining

/ (4 - w(%)szo)% — (60— 6, + 62)2 ! + O( )

with the second equality of Proposition 3.2, we obtain Theorem 2.3 by the same argu-

ment as in the derivation of Theorems 2.1 and 2.2. Furthermore we have

b(x) =bo(z) + bjy(x)h(z) — 4(207 + 207 + 62 )z~

1660+ 64) [ () 16 [ €S dE L a

Qu o Ag—YRE 2 ) As—Bi e

as in Remark 2.3.
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