EXPLICIT ERROR TERM OF THE ELLIPTIC ASYMPTOTICS FOR
THE FIRST PAINLEVE TRANSCENDENTS
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ABSTRACT. For the first Painlevé transcendents Kitaev established an asymptotic rep-
resentation in terms of the Weierstrass pe-function in cheese-like strips tending along
generic directions near the point at infinity. The error term of this asymptotic expres-
sion is presented by an explicit formula, which leads to the error bound of exponent
—1.
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1. INTRODUCTION

The first Painlevé equation

y' =6y’ +x (1.1)
governs the isomonodromy deformation of the two-dimensional linear system
dv . _
ya =<(4€4 + a4 2oy — i(4y€? +a + 2y%)on — (2y'€ + € 1)01>\If, (1.2)

0 1 0 —i 1 0
g1 = T = Oq =
! 1 0) 7 i o) P \o -1

([8], [10], [3]). System (1.2) admits the canonical solutions ¥, (§) (k € Z) represented by
(&) = (I4+0(€7Y)) exp((£€° + x€)o3) as € — oo through the sector —3m/10 + 7k /5 <
arg& < /10 + wk/5, and the Stokes matrices

1 sy 10
S = , So = , 1=0,1,2,...
20+1 (0 1 ) 21 <82l 1)

are defined by Wy11(§) = ¥, (£)Sk. Each solution of (1.1) is parametrised by (s;)1<j<s
on the manifold of monodromy data for (1.2), which is a two-dimensional complex
manifold in C® given by 5155535455 = ioy (see [10], [12], [14], [15]). For a general
solution thus parametrised, Kapaev [10] obtained asymptotic representations as  — oo
along the Stokes rays argx = 7 + 27k/5 (k = 0,+£1,42), and subsequent studies on
related connection formulas and the Stokes phenomenon are found in [21], [22], [11],
20], [1], and [16], [7] for the 7-function. Along generic directions the Boutroux ansatz
[2] suggests the asymptotic behaviour of a general solution of (1.1) expressed by the
Weierstrass p-function. An approach to such an expression was made by Joshi and
Kruskal [9] by the method of multiple-scale expansions, the labelling of the solution by

(sj) not being considered. Based on the isomonodromy deformation of (1.2), using WKB
1
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analysis, Kitaev [14], [15], and Kapaev and Kitaev [12] presented the elliptic asymptotic
representation of a general solution of (1.1) as x — oo through a cheese-like strip along
any direction in the sector 37/5 < ¢ — 27k/5 < 7, k € Z. For k = —2 the asymptotic
result is described as follows [14, p. 593, Section 8|, [15, Theorem 2], [12, Theorem 2],
in which w,, wp and Ay are, respectively, the periods of an elliptic curve and a unique

solution of the Boutroux equations explained in (1) at the end of this section.

Theorem A. Let y(z) be a solution of (1.1) corresponding to the monodromy data
(sj)1<j<s such that sys4 # 0, and let ¢ be such that |¢| < 7/5. Then for any real numbers
c¢> 0 and € > 0 there exists a 6 > 0 such that

y(x) = (e72) 2 (p(et — t0; 62(9), 93(0)) + O(t™)) ,  t=3(e“2)°",  (1.3)

as ¥ — 00 through D, (¢, ¢, €), where

1
to = %(wa In(isy) + wp In %)’ (1.4)

o(u; g2, g3) is the p-function such that (p,)? = 49> — gap — g3 with go(p) = —2¢?,
93(¢) = —Ag, and D,y (¢, c,€) the cheese-like strip defined by

{z=e?(E0)Y" € C: Ret>0, [Imt| <ec, [te” —to+ mwa + nwp| > m,n € Z}.

Remark 1.1. (1) The expression of x € D(,,)(¢,c,€) (and that in Definition 2.1) is
in accordance with [15, Theorem 2, (1.38)], that is, each z = €™ (2t)"/5 € Dy, (4, c,¢€)
fulfils |z] = (3]¢))"° and argz = ¢ + % argt, where argt < [t|[~! as ¢ — oo, since
[Im?| < c. The Dy,)(¢, c,€) contains the centre line arg x = ¢.

(2) Let S(c) := {t|Ret > 0,[Im¢| < c} be the strip corresponding to D(,,)(¢,¢c,¢). If
¢ > 2(|wa|+ |wp]|), then there exists a string of period parallelograms { Ly }%_; such that
Ux—; Ly C S(c) and that, for every N, (Ly)? N (Ly41)? is one of [v}’, o], [vi¥, v)],
[0, vl [0, vd], where v, VIV = V) + wa, VY = V) + wa + wp, VY = v} + wy, are the
vertices of Ly, and (LN)Cl denotes the closure of L.

(3) Practically we may suppose € to be so small that, for all (m,n) € Z?, the circles

|te' — tg + mwa + nwp| = € are disjoint.

The leading term of (1.3) depends on the integration constant ¢y = #o((s;)1<j<5) only
and the other one, which may be called the second integration constant, is hidden in
the error term O(t=%). Thus, in treating y(z) as a general solution, it is preferable to
know the explicit error term. This high-order part is also related, say, to the 7-function
[15, p. 121] or to degeneration to trigonometric asymptotics [15, Section 4]. For the 7-
function associated with (1.1), by the method of topological recursion, Iwaki [6] obtained
a conjectural full-order formal expansion yielding the elliptic expression (see also [7]).

The justification procedure for the asymptotics of y(x) [15, pp. 105-106, pp. 120-121],
[13] is based on the leading terms of (3.1) and of the correction function B(¢,t), the pair
of which should depend on both integration constants labelling the solution y(x). The
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second integration constant is also related to B(¢,t) given in the following [15, Theorem

4], where J, and ¥(z, 1) with 9'(z,7) = (d/dz)¥(z,7) are as in (1) and (2).

Theorem B. Let B(¢,t) = t((e”®z)~3/22H (2, y(z),y'(z)) — Ag), where H(z, q,p) =
p?/2 — 2¢® — xq is the Hamiltonian of (1.1). Then as t — oo the function B(¢,t) is
bounded uniformly on the set D(,,)(¢,c,€) and is given by

!/ 1 )
B(é,t) = i(ln SU Oy g it %(—(tewﬁ — ) + v, T>) Lo, (15)

dWa sy 4 Wa

Wa, to, ¢, € and d being as in Theorem A.

It is natural to seek explicitly the error term of (1.3). In this paper we present an
explicit asymptotic representation of the error term, and this formula leads to the error
bound O(t~') = O(z~*/*) in (1.3). The main results are stated in Theorems 2.1 and
2.2. Corollary 2.3 describes the dependence on the other integration constant 3y in this
explicit error term. In Section 4 these results are derived from the t~%-asymptotics of
y(x) in Theorem A and of B(¢,t) in Theorem B combined with a system of integral
equations equivalent to (1.1), which is constructed in Section 3. Necessary lemmas in
our argument are shown in Section 5. The final section is devoted to discussions on our
method in deriving the explicit error with the bound O(¢~1), which is quite different
from that in [5], [9] and [17].

Throughout this paper we use the symbols summed up below (cf. [14], [15]).

(1) For each ¢ € R, the condition

Re /wd)\:O,

where c is any cycle on the elliptic curve w? = \3 + %e"‘z’/\ + iA, uniquely determines
A=A, € C[15, Lemma 3|, [14, Section 7| (The conditions for basic cycles ¢ = ¢y, ¢,
are the Boutroux equations). Then A, is continuous in ¢ and smooth for ¢ # 7+ 27k /5,
(k € Z), and fulfils the relations A_, = A_¢, Apron = Ay, Ap—onkss = eQ’Tik/5A¢, and
Ar = —(3)%%, 0336 < Ay < 0.380 [15, Lemma 4], [14, Section 7). Suppose that
6| < /5, and set w = w(Ag, \) = \/)\3 + e+ 1A, = VA= M VA= A VA= s
Let a and b be basic cycles as in Figure 1.1 on the elliptic curve I' = I'y U T'_ defined

by w(Ag, A) such that the upper and lower sheets I'; and I'_ are glued along the cuts
[A1, Ao] U [—00, Ag]; where the branch points A\; = A;(¢) for ¢ around ¢ = 0 are specified
in such a way that ReA;(0) > 0, Im A (0) > 0, X2(0) = A1(0), A3(0) < 0, and the
branches of m are determined by m — 400 as A — +oo along the positive
real axis on [';. For the cycles a and b on I' write

1 [d\ 1 [ dA

Wa:wa(¢):§ 0’ Wb:wb(¢):§ LW

1(0) =2 [wir hu= o) =2 [ war

s
I
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FiGure 1.1. Cycles a and b

where wa, wy, fulfil Imwy, /w, > 0. For ¢ # 7+ 27k /5 the elliptic curve I' with the cycles
a, b and the integrals w, p and J, 1, may be extended by the use of the substitution
(¢, A\, w) — (¢ 4 2m/5, e~ 4™/5\, e~ 6m/5p) [15, pp. 95-96].

(2) For 7 = wp/wa such that Im 7 > 0,

19(27 7_) _ Z €7ri7n2+27rizn
nez

is the theta-function [4], [23] with v = (1 + 7)/2, which satisfies ¥(z £ 1,7) = ¥(z,7),
Iz £7,7) = e ™22 7).

(3) We write f < gorg> fif f=0(g),and f xgif f < gand g < f.

2. MAIN RESULTS

To state our results let us define some strips similar to D(s,)(¢, ¢, ). Recall the phase
shift ¢y given by (1.4), and the zeros \; (1 < j < 3) of w(Ay, A)? specified as in (1).

Definition 2.1. For given t,, > 0, ¢ > 0 and small £ > 0, set
D(¢,tos, c,6) ={z =€?(3)5 € C :
Ret > to, [Imt| < c, [t —tg — mwa — nwp| > &, m,n € Z},
D(¢, oo ¢,6) =D(, toos ¢,€) \ U Vijmn(€),
1<j<3;m,n€Z

Vimn(e) ={x = ei‘z’(%t)‘l/‘r’ eC: |ei¢(t —t;) — to — Mwa — nwp| < €},

where ¢; (1 < j < 3) are such that p(e®t; — to; g2(), g3(¢)) = A; (for x = €(2¢)*/5 in
these domains, cf. Remark 1.1).

Let ¢]"" € S(too, c) := {t|Ret > to, [Imt| < c} (j = 1,2,3,00) be such that ¢;"" =
ti+ e (tg + mwa + nwy) if 1 < j < 3, and that t7" = e7"(tg + mwa + nwyp) if j = oco.
We may suppose ¢ so small that all the circles [t —t]""| = ¢ (j = 1,2,3,00;m,n € Z) are
disjoint. Let [(t]"") € S(tw,c) (j = 1,2,3,00) be the lines defined by ¢ = Re ;" + in,
n > Im ¢ if Tm¢;"" > 0 (respectively, n < Im¢;"" if Im¢;"" < 0), and let [*(t]"") be

the images of I(¢]"") under the mapping = = z(t) = €'*(3¢)*/°.



FIRST PAINLEVE TRANSCENDENTS 5

Definition 2.2. For t., ¢, ¢ as in Definition 2.1, Dy (9, too, ¢, €) denotes D(¢, tos, ¢, €)
having cuts along l“(t;"’”) for all j = 1,2,3,00 and m,n € Z, where some local segments
contained in lx(t;n’n) are replaced with suitable arcs, if necessary, not to touch the image
of another small circle [t — t;’?l’”/| = ¢ with (j/,m/,n’) # (j,m,n) under the mapping

x(t).

® O © \©
©® O ® O ©@ \© \®© © O
© © © o (") © © 0 @ Qq mon
j ()
©® O (OZNNO) @ © ® 6\
® ©® @\ ©
(a) T)(qb, too, C, 6) (b) bcut(¢7 toov ¢, 5)

FIGURE 2.1. D(¢,ts, ¢, ) and Dy (¢, tos, ¢, €)

These domains are strips lying in the a-plane. For a function f(z) we may deal with

ft) = fla(t) with t = 3(ex)* or f(z) = f(2(2)) with z = €%t = Lei(emi03)%/4

as & — 00, say, through Dew(d, ta, ¢, €), and then we write, in short, f(¢) or f(2) in
Dewt (0, tos, €, €).

Suppose that |¢| < 7/5. Let y(z) be a solution of (1.1) corresponding to (s;)i<j<s
such that s;s4 # 0. Then we have the following.

Theorem 2.1. Let ¢ > 0 and € > 0 be given positive numbers as in Theorem A. Then
y(x) = (e792) 2 (p(e"t — to; 92(), 93(9)) + O(t™))
as xr = ei¢(§t)4/5 — 00 through D(¢,ts, c,€), where to is sufficiently large.
To deal with the error term explicitly, let us write (1.3) in the form
y(x) = (e7%2)Pp(et — to + h(e't); ga2(9), g3())-

Set z = €'t and write

p=p(2) = p(z — to; 92(¢), g3(¢)),

8ei? 5 _. W orz—t
B=B8() = (b= 7e (e —to) + 5 (= +n7)).
5 .
ﬁo =1In ﬁ — 16*1¢Jat0 —+ 7
S4
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The quantity 3(z) = €' B,s(¢, t) is the leading term of the correction function e B(¢, t)
in Theorem B, and (3(z) and p(z) are bounded uniformly in D(¢, t, ¢, €). Then we have
the following explicit expression of h(z).

Theorem 2.2. Let P(\) = 4w(Ay, N\)? = 4\3 + 2e"\ + Ay, and let ¢, €, 6 be as in
Theorem A. Then as x = ei¢(%e_i¢z)4/5 — 00 through De (9, tos, ¢, €),

b = [ FenE - [ Fesr 4 6m00G
- % K(p.AT(Q) G +0()
in which
B % _ @
.5 )_2P(p) 5v/P(p)’ (.9 8P(p)?’

| : 1 dc
K(p, B) = 2(4e"®p + 344)F(p, —,Iz:/——
(b, ) = 204%p +34)F(p, ) = B, T(:) = | B3
with p = p(C), B = B(C), and in Deyt(9, too, ¢, €) the integrals converge and are evaluated
as

I(z) < 271, [:F(p,ﬁ)%<<z‘1,

z dc z dC _
[ FwprecmaG <= [ KeATOT <=

Remark 2.1. For the sake of convenience the integrals are considered in T)Cut(¢, ooy G, E),
which is simply connected, to avoid the possible multi-valuedness around poles of the
integrands. Then h(z) is considered substantially along the ray arg x = ¢ and expressed
by the p-function with (g2(), g3(¢)) = (—2¢'*, —A,).

The integration constant [, appears in h(z) as described in the following.

Corollary 2.3. In Dey(d, too, ¢, €) we have zh(z) = hof2 + hi(2) B + ha(2) + O(27%)

with hi(z) = O(1), ha(z) = O(1) and
24 2z¢> 3ip 2
ho = _5w2 (8e™? +27A )

Remark 2.2. Along any direction in the sector 37/5 < ¢ — 27k/5 < 7, k € Z, the
formulas of the main results are written in terms of ¢y and By with (S2_ok, S5_2x/S2_2k)
in place of (s1,84/51) (cf. [15, Theorems 2 and 4]). This discontinuity of integration
constants may also be considered as a nonlinear Stokes phenomenon [3, p. 379].

Remark 2.3. For a given simply connected unbounded subdomain Dy C D(¢, tos, ¢, €),
Theorem 2.2 and Corollary 2.3 are also valid as © — oo through D.
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3. SYSTEM OF EQUATIONS AND INTEGRAL REPRESENTATIONS

Let ¢, € and § be as in Theorem A. The number ¢, is retaken if necessary, being
denoted by the same letter t,, in each appearance in our argument. In the proofs of our
theorems we may suppose that 0 < < 1.

By the change of variables t = 1(e~"z)>*, y = (e7*x)"/?v, equation (1.1) or (d/dz)((y')*~
49y — 2zy) = —2y is taken to

6 8

agy + g% = —gei‘bv

t—
dt
with
ag = e (v, + (2/5)25_11))2 — 40® — 2™,
which is the Lagrangian or the Hamiltonian 2(e~**z)~3/2H(x, y(x),%/(x)) appearing in
Theorem B, [15, Theorem 4]. Setting as = Ay -+t ' B(¢,t) with et = 2, e B(¢,t) = b,
we have the system of equations
(v: + (2/5)2_11))2 = 4v® 4 2¢%v + Ay + 271,
8 i 6 1 (3.1)
bz = —56 ¢U — 5A¢ — 52’ 1b.
Note that (1.5) is written as B(¢,t) = Bas(¢,t) + O(t7%). The system
p? = 4p® +2e"p + Ay,
8 i 6 (3:2)
= —¢%p— ZA
ﬁz 56 p 5 0]

admits a solution (p, 8) = (p(2), 8(2)) = (p(2 —to; g2(0), g3(®)), € Bas(, e7¢2)), where
validity of the second equation is due to [15, Proposition 6, (3.13)]. System (3.2) is, at

least formally, an approximation to (3.1).

Proposition 3.1. For y(z) given by (1.3) set p(z + h(z)) = (e "x)"Y2y(z) with
¢t = 2 in Dent (), too, ¢, €). Then (v,b) = (p(z + h(2)), € B(¢, e~¢2)) solves (3.1).

By (1.3) and [15, Theorem 4] with b(2) — 3(2) = €*(B(¢, e""2) — Bas(d, e72)), we
have the following.

Proposition 3.2. In Dey(d, tes, c,€), h(2) < 279, and b(2) is bounded and satisfies
b(z) — B(z) < z7°.

Recall that P(X) = 4X* + 2e"°X\ + A,. Let us insert v = p(py(2) := p(z + h(z)) into
the first equation of (3.1). Observing that v, = (1 + A)p' (2 +h) = (1 + 1')\/P(pw)),

and that (1 + h’)\/P(p(h)) + (2/5)2‘1p(h) = P(p(h))(l + z‘le(p(h))‘l)I/Q, we have,
in D(¢, oo, c, ),

/ b 2p(n) —1 b’ —2 -3
h = — 2l ———272 4+ 0(277).
(QP(P(h)) 5\/P(p(h))> 8P(p(n))? =)
Furthermore, by p)(2) = p(z) + hp'(z) + O(h?),

W=F(p,b)z"" = G(p,0)2 + Fy(p,b)p'hz"' + O (|7 + [R])%)  (3.3)
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with F(v,b) = 2bP(v)~™" — 2vP(v)~'%, G(v,b) = $b*P(v)~? as in Theorem 2.2. Write
X := b — (. Then the second equations of (3.1) and (3.2) yield

X = S (on(z) —p(2) — e

) " (m) b
__ S (p'h TS p LN 5 hm+1> _ 2
5 2! m! 5

for any positive integer m, where E,, < 1in D(¢, ts, ¢, ). Let {z,} C D(, tos, ¢, ) be
any sequence such that z, — oo. Then integration by parts leads to

] . p/ p(m—l) p
_ S 1) T2 .. m
X(=2) = X(zn) = =z [ph+ Sh? 4o Eeh }
8 ) z p(m—l) _ 1 dC
=g / r  gm-1 I m+1 -
tre /Zn<(p+ph+ +(m_1)!h )h E..h )dc 5/2 (ﬁ+x)<,

By (3.3), i’ = (F(p, ) + 3xP(p) ™ + R)z~! with R < |z7!| + |h|, and hence the sum
of the integrals on the right-hand side is

Zn C 5 C 5 -
with
(m—1)
et (p 4 g P pme2 -+ F
R(h, x) :=8e (p ot T )(F(p,ﬁ)Jr 2P () +R>h
i¢ X R) _ !
1 8e p<2p(p>+R> X < bl + x|+ 1¢7Y. (3.4)

Now suppose that, for a positive number p satisfying 6 < pu <1,
h(z) < z7H (3.5)

in Deyt (9, too, ¢, €). By Proposition 3.2 this supposition is true for g = 6, and y(z) < z7°
Choose m such that §(m + 1) > 3. The passage to the limit z, — oo leads to

8 . 1 /% . d 1 [7 d
rgetph =5 [ Gt FEow -9+ 2 [ RO, 39

in which the convergence of

/ z(8ei¢F(p, B)p — ﬁ)% <z

is guaranteed by the absolute convergence of f; R(h,x)¢(7'd¢ < 27° (cf. (3.4) and
Proposition 3.2). Under (3.5), observing that, in (3.3),

=G(p,b)z + Fy(p,)p'hz™" = =G(p, B)2 7 + Fo(p, B)p'he " + O(=71 7177,
and that

/ Fv(p,ﬁ)p’h% =/( (p, ) — ﬂ(/p )h%

:[F( F

z

Ih &

*3pm) ¢ O

Zn
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: 21 B'h N d¢ —1-5y]7
:_/ZH<F(‘°’6)C +2P(p)>§ +]oc )}
we may apply a similar argument to (3.3) with F(p,b) = F(p,8) + sxP(p)~*, and the
convergence of f; F(p, 3)¢td¢ follows. Thus we have the following relations, in which
the second equation follows from (3.6) and (3.2).

Proposition 3.3. Under the supposition (3.5), in Dew(®, too, ¢, ),

*y—pfhd
b= .07~ [(Fear oG+ [ S5t o),
dc dc

X~ h = 5A¢h w3 [ HE0)T 45 [ RO 06

in which H(p,3) = 8¢ F(p, 8)p — 3, every integral converges, and

? d Z d "h d
[rovkecs [onmrcnnber, [
dg

/z H(p,ﬁ)% < 270, /Z R(h,x)? < z7°

4. PROOFS OF THE MAIN RESULTS

By Proposition 3.3,

DTN A S [ ) s s
h=2 [ 5T = [ FeAT ~ (P07 G005 + 10l
ith
N 1 —i/zL/C(H( B) + R(h ))ﬁ%

BRL P(p) Joo . X G ¢

in Dot (@, too, ¢, €) since p > 6. Note that [ P(p)~*¢~'d( < 2~ by Lemma 5.5 shown
later, and fooH p, B¢ < 279, foo R(h,x)(™ 1dC < 279 by Proposition 3.3 and (3.4).
Then integration by parts leads to

d¢

107, /ZJ‘K/<<mm+RmX»C

L//1 T 5)+ RO T

¢
[ o

Furthermore, by (3.3), ( Lemma 5.5 and Proposition 3.2,

3.5),
[t e [ gt

¢ : e
[ gi) [ 5 w0

[e.9]

z ¢
=—LF@@L?%%%+Mz”» (4.2)
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Using (4.1) and (4.2) we obtain, under supposition (3.5),

h= / Fe.0% [ (Fe, 87 + G )%

o0 ¢ Jwo ¢?
1 [ d
-5 | Ke.HTOT + 060 (1.3

in Doyt (¢, tos, ¢, €), in which the implied constant possibly depends on y, and K (p, 3) =
H(p, B)+6AsF (p, ) = 2(4ep+3A,)F(p,8)—58,Z(z) = f; P(p)~¢~1d¢. The integrals
on the right-hand side of (4.3) satisfy

KpAZOS <=7, 16 <=

in which the first nontrivial estimate follows from Lemmas 5.5 and 5.4 with p/\/P(p) =
b’/ P(p) and B(z) = Sei®w (B + b(z — to)) (k. (5.4)).

4.1. Derivation of Theorem 2.2 and Corollary 2.3. To prove Theorem 2.2 let us
start with (1.3) and (1.5) of Theorems A and B with given ¢ > 0, ¢ > 0 and a small
§ > 0. By (4.4) the sum of the integrals on the right-hand side of (4.3) is O(z71)
in Deut (), too, ¢, €) for sufficiently large t,. Note that (3.5) is valid for u = 6, i.e.
h(z) < 2z7°. Then, by (4.3) with u = 6, we have h(z) < |27 + [¢7%|. If 26 < 1, then
(3.5) is valid for p = 26, which implies asymptotic formula (4.3) with the error bound
O(z73) and h(z) < |27 + |27%°|. For mg such that med < 1 < (mg + 1)d, mo-times
repetition of this procedure results in (4.3) with g = mod, which yields (3.5) with p = 1.

(4.4)

Then (4.3) with g = 1 is valid in Dey (¢, too, ¢, €), implying Theorem 2.2. Calculation of
the coefficient of 32 by the use of Lemma 5.5 leads us to Corollary 2.3.

4.2. Derivation of Theorem 2.1. Theorem 2.2 implies h(2) < 27! in Doyt (@, too, ¢, €).
Note that

(%) Py (x) — p(et — to; ga(0), g3(0))
=p('t — to + h(e't); g2(9), 93(0)) — p(e't — to; ga(9), 93(9))
</ (€t — to; ga(0), g3(9))h (1) < ¢~
in Deyt (), too, ¢, €), and that the function on the first line is holomorphic in D(¢, ts, ¢, €).
By using the maximal modulus principle in excluded discs around t;-n’" (1 <j <
3; m,n € Z), we obtain Theorem 2.1.

5. LEMMAS ON PRIMITIVE FUNCTIONS

It remains to show the lemmas on primitive functions used in the proofs of the main
results. Recall that P()\) = 4w(Ay, \)? as in Theorem 2.2, and let us write

PA) = 4N — g2X — g3 = 4A = M)A = Q) (A = X3),  go = —2¢7, gz = —Ay,
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A= @(wl), Ap = @(W2), A3 = @(w?»)a

where .
wy = éwa, w3 = §wb’ w1+ wy +ws =0.
Then

MAX+A3=0, Xds+ XA+ M= —g2/4, Mo = g3/4,
1
(A2 = X3)°(A3 — M)* (A1 — No)® = 1—6(93 —2793),
and w, and J, are also written in the form

ax
w= | oy Ja:/a\/P(/\)d)\.

Lemma 5.1. Let
M= (>\1 - >\2)<)\1 - )\3)7 T2 = <)‘2 - )‘3)()‘2 - /\1>7 Y3 = <)\3 - )\1)(>\3 — )\2),
Yo = 5(gs — 27g3) "
and p(z) = p(2; g2, g3). Then
*ody 1 y/bda Wz T of(5Ja Uz
/o o - G (e ) o G 5 (50 )

+73_2<Z—;:z+ %(i + %7‘))) + Gy,

= dz 1 402 5Ja VWV i/z T
Nz — A (2, - (2 4 L
/o Plp(z)? " 96%(”1 (0: — 48 1>(292Z+ 19(%*2”))

a0 — 4 (224 L (2 7))

290 U \wa
+ 73402 — 48)\3)<Z—j;‘z + %(i + %,T))) + Ch,

where Cy and Cy are some constants and 0, = d/dz.

Proof. Around w; (j = 1,2,3),
1 1

Pl — 17 @) 1+ 0l - w)?)
since p(2) = Aj +7;(z — w;)? + O(z — w;)*. Hence
p(pl(z)) - 2(71_2@(2 —w1) + 75 20(z — wa) + 735 20(z — wy)) = T, (5.1)
in which, by putting z = 0, we find Ty = 9g3(g5 — 27¢2)~'. We may set, for some cq,
o(z) + iﬁz%<§a + v, 7') = ¢y, (5.2)

integration of which yields

w1 w1 )\
WaCo = C dz:/ zdz:/ dA.
0 0/_w1 o o(2) . /—P()\)
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Observing that

= [ VPO = [ (A /PO —§ s - )

2 2 A
=—-Ja— < / d\ — g3Wa,
3 392 i /—P(/\) 93
we have cg = —5Ja/(2g2wa) — 393/(2g2). Inserting (5.2) with z — 2z —w; (j = 1,2,3)
into (5.1), and using

393, _ _ _
F0—8_(712+722+732):07
g2

we obtain the first primitive function. To derive the second formula, we note that,
around z =w; (j =1,2,3),

oy =07 —w) = 72 + 0 — )
=75 (p(z — w))?* = 8Xjp(z — wy) + O(1))
by (5.1), since, say around z = wi, p(z — wy) = p(w3) + O(z — w1)?, p(z — w3) =
o(wa) + O(z — wy)?, with v52X\g + 73 2Ag 4+ 4T = —47972\;. Then we set
% — 71 oz —wi)? = 8hip(z —wr)) — 75 H(p(z — w2)® = 8hap(z — wy))
=73 (p(z — w3)? = 8A3p(z —wy)) =T (5.3)

with
T((A2 = A3)"AT + (A5 — M)*AZ + (A1 — M)A
(A2 = A3)1 (A3 — M) (A1 — Ap)?

Flz

Insertion of (5.2) and

02z g2
2 _—z = = Z£
o)+ 5o (wa tur)= 12

with z — 2z —w; (j = 1,2,3) into (5.3) leads to the second formula. O

Lemma 5.2. Under the same supposition as in Lemma 5.1, for k = 10,1, 2,

M) L ko -
L;F@@rw—A%An@x>An

77 M n(p(2) = Xa) + 95 M In(p(2) = ) + C(z0),
where zo & {0, w1, ws, w3} + waZ + wpZ, and C(2g) is some constant.

Proof. Note that, for k =0,1, 2,

4ok

Bloy = MO = AT e —22) T s N = M)

from which the lemma follows. O
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Recall that p(z) = p(z — ) and

Re®
By

Then we have the following.

pz) =

(Bo+b(z—ty)), b(o)= —Ze‘Z‘PJ o+ Qj;/ (wa +v, 7'). (5.4)

Lemma 5.3. Let oy € C be a given number. Then
s d
/ (6(0 — o) + b(o + 0))b(0) L < 571, G =0 +1o

0o g

as x = €?(2e75)"5 — 00 through Dew(d,tes, ¢, €), in which the integral on the left-
hand side is convergent.

Proof. Let x, = ei‘z’(%e*i‘z’sy)‘l/g’ be any sequence tending to oo through Dey (4, teo, ¢, €).
Note that b(s) and b(s % ag) are bounded in Dey (¢, too, ¢, €). Integration by parts leads
to

s do L
/ b(oc — ap)sb(o)— :[b(a —)b(o)o 1]
Sy g
# do
— b(O’ — Oéo / b g — Oéo )
- s—ap »
= [ s, (0+040)0+ +O() +0(5,")
® d
—— [ b+ anab() T+ 07+ O(s, ).
The passage to the limit s, — oo leads to the lemma. O
By Lemma 5.1 with g, = —2¢®, we may write
11 d/y
P(p(z)) = aa <7(b(2 wa/2) + b(Z + (Ua/2>)
T e
+ %(b(z — waV) + b(2 +war)) + %(b(z — waT/2) + b(z + waT/Q))).

Substituting z by z — ty and using Lemma 5.3 we have the following.

Lemma 5.4. In Doy (¢, too, ¢, ),

/Z b(¢ —to) d¢
w P(p(Q) ¢

in which the integral on the left-hand is convergent.

<z

Lemma 5.5. In ﬁcut(gzﬁ,too,c, £),

© 1 d L1 : 1 %:_ L1 L2 “p(Qp'(¢) d¢ L1
/OOP@«)) c < /oop<p<c>>2 &=t roe, [ PQ) ¢ <7

where g = —5(8¢*? + 27AZ) ™
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Proof. Let v9z + F(2) be the primitive function of 1/P(p(2))? given in Lemma 5.1,
where F(z) is bounded in Dey(d, Lo, ¢, €). Then

* 1 d¢ - 17 - i
/OOP@(o)??— (F(C~ to) +100) g +2 /Oo (F(C = t0) +70) 5

=— 2z '+ 0(272),

which is the second integral. The remaining estimates are similarly obtained by the use
of Lemmas 5.1 and 5.2. O

6. DISCcuUSsSION

Our main results Theorems 2.1 and 2.2 are derived by combining expressions (1.3)
and (1.5) of y(x) and of B(¢,t) in Theorems A and B, respectively, with analysis on
the integral equations (associated with system (3.1)) in Proposition 3.3 via (4.3). The
formulas of Theorems A and B with the error bounds O(¢~?) have been obtained in
[14] and [15] by WKB analysis on isomonodromy linear system (1.2). Our approach to
the error term is said to be purely classical iterative calculation via (4.3) by the use
of (1.3) and (1.5). This is just in the situation as referred to in [15, Remark 1]. The
essential part of this procedure owes much to the structure of the integral relation (4.3)
containing the term

/ZF@,ﬁ)% <z,

in which the key to the estimate is Lemma 5.3. The corresponding error O(t7!), say
in [5], is a quantity arising in constructing the solution of the related Riemann-Hilbert
problem.

It may be conjectured that the error bound of (1.5) in Theorem B is O(¢™1). If this
is valid, then, in Theorem 2.2, the error bound of the expression for h(z) is O(z72). For
the fifth Painlevé transcendents the corresponding error bound estimates are valid [19],

18].
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