
EXPLICIT ERROR TERM OF THE ELLIPTIC ASYMPTOTICS FOR
THE FIRST PAINLEVÉ TRANSCENDENTS
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Abstract. For the first Painlevé transcendents Kitaev established an asymptotic rep-
resentation in terms of the Weierstrass pe-function in cheese-like strips tending along
generic directions near the point at infinity. The error term of this asymptotic expres-
sion is presented by an explicit formula, which leads to the error bound of exponent
−1.
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1. Introduction

The first Painlevé equation

y′′ = 6y2 + x (1.1)

governs the isomonodromy deformation of the two-dimensional linear system

dΨ

dξ
=

(
(4ξ4 + x + 2y2)σ3 − i(4yξ2 + x + 2y2)σ2 − (2y′ξ + 1

2
ξ−1)σ1

)
Ψ, (1.2)

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)
([8], [10], [3]). System (1.2) admits the canonical solutions Ψk(ξ) (k ∈ Z) represented by

Ψk(ξ) = (I +O(ξ−1)) exp((4
5
ξ5 +xξ)σ3) as ξ → ∞ through the sector −3π/10+πk/5 <

arg ξ < π/10 + πk/5, and the Stokes matrices

S2l+1 =

(
1 s2l+1

0 1

)
, S2l =

(
1 0

s2l 1

)
, l = 0, 1, 2, . . .

are defined by Ψk+1(ξ) = Ψk(ξ)Sk. Each solution of (1.1) is parametrised by (sj)1≤j≤5

on the manifold of monodromy data for (1.2), which is a two-dimensional complex

manifold in C5 given by S1S2S3S4S5 = iσ2 (see [10], [12], [14], [15]). For a general

solution thus parametrised, Kapaev [10] obtained asymptotic representations as x → ∞
along the Stokes rays arg x = π + 2πk/5 (k = 0,±1,±2), and subsequent studies on

related connection formulas and the Stokes phenomenon are found in [21], [22], [11],

[20], [1], and [16], [7] for the τ -function. Along generic directions the Boutroux ansatz

[2] suggests the asymptotic behaviour of a general solution of (1.1) expressed by the

Weierstrass ℘-function. An approach to such an expression was made by Joshi and

Kruskal [9] by the method of multiple-scale expansions, the labelling of the solution by

(sj) not being considered. Based on the isomonodromy deformation of (1.2), using WKB
1
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analysis, Kitaev [14], [15], and Kapaev and Kitaev [12] presented the elliptic asymptotic

representation of a general solution of (1.1) as x → ∞ through a cheese-like strip along

any direction in the sector 3π/5 < φ − 2πk/5 < π, k ∈ Z. For k = −2 the asymptotic

result is described as follows [14, p. 593, Section 8], [15, Theorem 2], [12, Theorem 2],

in which ωa, ωb and Aφ are, respectively, the periods of an elliptic curve and a unique

solution of the Boutroux equations explained in (1) at the end of this section.

Theorem A. Let y(x) be a solution of (1.1) corresponding to the monodromy data

(sj)1≤j≤5 such that s1s4 6= 0, and let φ be such that |φ| < π/5. Then for any real numbers

c > 0 and ε > 0 there exists a δ > 0 such that

y(x) = (e−iφx)1/2
(
℘(eiφt − t0; g2(φ), g3(φ)) + O(t−δ)

)
, t = 4

5
(e−iφx)5/4, (1.3)

as x → ∞ through D(sj)(φ, c, ε), where

t0 =
1

2πi

(
ωa ln(is1) + ωb ln

s4

s1

)
, (1.4)

℘(u; g2, g3) is the ℘-function such that (℘u)
2 = 4℘3 − g2℘ − g3 with g2(φ) = −2eiφ,

g3(φ) = −Aφ, and D(sj)(φ, c, ε) the cheese-like strip defined by{
x = eiφ(5

4
t)4/5 ∈ C : Re t > 0, |Im t| < c, |teiφ − t0 + mωa + nωb| > ε; m,n ∈ Z

}
.

Remark 1.1. (1) The expression of x ∈ D(sj)(φ, c, ε) (and that in Definition 2.1) is

in accordance with [15, Theorem 2, (1.38)], that is, each x = eiφ(5
4
t)4/5 ∈ D(sj)(φ, c, ε)

fulfils |x| = (5
4
|t|)4/5 and arg x = φ + 4

5
arg t, where arg t ¿ |t|−1 as t → ∞, since

|Im t| < c. The D(sj)(φ, c, ε) contains the centre line arg x = φ.

(2) Let S(c) := {t |Re t > 0, |Im t| < c} be the strip corresponding to D(sj)(φ, c, ε). If

c > 2(|ωa|+ |ωb|), then there exists a string of period parallelograms {LN}∞N=1 such that∪∞
N=1 LN ⊂ S(c) and that, for every N , (LN)cl ∩ (LN+1)

cl is one of [vN
0 , vN

1 ], [vN
1 , vN

2 ],

[vN
0 , vN

3 ], [vN
3 , vN

2 ], where vN
0 , vN

1 = vN
0 + ωa, vN

2 = vN
0 + ωa + ωb, vN

3 = vN
0 + ωb are the

vertices of LN , and (LN)cl denotes the closure of LN .

(3) Practically we may suppose ε to be so small that, for all (m, n) ∈ Z2, the circles

|teiφ − t0 + mωa + nωb| = ε are disjoint.

The leading term of (1.3) depends on the integration constant t0 = t0((sj)1≤j≤5) only

and the other one, which may be called the second integration constant, is hidden in

the error term O(t−δ). Thus, in treating y(x) as a general solution, it is preferable to

know the explicit error term. This high-order part is also related, say, to the τ -function

[15, p. 121] or to degeneration to trigonometric asymptotics [15, Section 4]. For the τ -

function associated with (1.1), by the method of topological recursion, Iwaki [6] obtained

a conjectural full-order formal expansion yielding the elliptic expression (see also [7]).

The justification procedure for the asymptotics of y(x) [15, pp. 105–106, pp. 120–121],

[13] is based on the leading terms of (3.1) and of the correction function B(φ, t), the pair

of which should depend on both integration constants labelling the solution y(x). The
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second integration constant is also related to B(φ, t) given in the following [15, Theorem

4], where Ja and ϑ(z, τ) with ϑ′(z, τ) = (d/dz)ϑ(z, τ) are as in (1) and (2).

Theorem B. Let B(φ, t) = t((e−iφx)−3/22H(x, y(x), y′(x)) − Aφ), where H(x, q, p) =

p2/2 − 2q3 − xq is the Hamiltonian of (1.1). Then as t → ∞ the function B(φ, t) is

bounded uniformly on the set D(sj)(φ, c, ε) and is given by

B(φ, t) =
8

5ωa

(
ln

s1

s4

− 5

4
tJa + πi +

ϑ′

ϑ

( 1

ωa

(teiφ − t0) + ν, τ
))

+ O(t−δ), (1.5)

ωa, t0, c, ε and δ being as in Theorem A.

It is natural to seek explicitly the error term of (1.3). In this paper we present an

explicit asymptotic representation of the error term, and this formula leads to the error

bound O(t−1) = O(x−5/4) in (1.3). The main results are stated in Theorems 2.1 and

2.2. Corollary 2.3 describes the dependence on the other integration constant β0 in this

explicit error term. In Section 4 these results are derived from the t−δ-asymptotics of

y(x) in Theorem A and of B(φ, t) in Theorem B combined with a system of integral

equations equivalent to (1.1), which is constructed in Section 3. Necessary lemmas in

our argument are shown in Section 5. The final section is devoted to discussions on our

method in deriving the explicit error with the bound O(t−1), which is quite different

from that in [5], [9] and [17].

Throughout this paper we use the symbols summed up below (cf. [14], [15]).

(1) For each φ ∈ R, the condition

Re

∫
c

wdλ = 0,

where c is any cycle on the elliptic curve w2 = λ3 + 1
2
eiφλ + 1

4
A, uniquely determines

A = Aφ ∈ C [15, Lemma 3], [14, Section 7] (The conditions for basic cycles c = c1, c2

are the Boutroux equations). Then Aφ is continuous in φ and smooth for φ 6= π+2πk/5,

(k ∈ Z), and fulfils the relations A−φ = Aφ, Aφ+2π = Aφ, Aφ−2πk/5 = e2πik/5Aφ, and

Aπ = −(2
3
)3/2, 0.336 < A0 < 0.380 [15, Lemma 4], [14, Section 7]. Suppose that

|φ| < π/5, and set w = w(Aφ, λ) =
√

λ3 + 1
2
eiφλ + 1

4
Aφ =

√
λ − λ1

√
λ − λ2

√
λ − λ3.

Let a and b be basic cycles as in Figure 1.1 on the elliptic curve Γ = Γ+ ∪ Γ− defined

by w(Aφ, λ) such that the upper and lower sheets Γ+ and Γ− are glued along the cuts

[λ1, λ2]∪ [−∞, λ3]; where the branch points λj = λj(φ) for φ around φ = 0 are specified

in such a way that Re λ1(0) > 0, Im λ1(0) > 0, λ2(0) = λ1(0), λ3(0) < 0, and the

branches of
√

λ − λj are determined by
√

λ − λj → +∞ as λ → +∞ along the positive

real axis on Γ+. For the cycles a and b on Γ write

ωa = ωa(φ) =
1

2

∫
a

dλ

w
, ωb = ωb(φ) =

1

2

∫
b

dλ

w
,

Ja = Ja(φ) = 2

∫
a

wdλ, Jb = Jb(φ) = 2

∫
b

wdλ,
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λ1

λ2

λ3

]s

a

b

Γ+

r

r
r

Figure 1.1. Cycles a and b

where ωa, ωb fulfil Im ωb/ωa > 0. For φ 6= π +2πk/5 the elliptic curve Γ with the cycles

a, b and the integrals ωa,b and Ja,b may be extended by the use of the substitution

(φ, λ, w) 7→ (φ + 2π/5, e−4πi/5λ, e−6πi/5w) [15, pp. 95–96].

(2) For τ = ωb/ωa such that Im τ > 0,

ϑ(z, τ) =
∑
n∈Z

eπiτn2+2πizn

is the theta-function [4], [23] with ν = (1 + τ)/2, which satisfies ϑ(z ± 1, τ) = ϑ(z, τ),

ϑ(z ± τ, τ) = e−πi(τ±2z)ϑ(z, τ).

(3) We write f ¿ g or g À f if f = O(g), and f ³ g if f ¿ g and g ¿ f.

2. Main results

To state our results let us define some strips similar to D(sj)(φ, c, ε). Recall the phase

shift t0 given by (1.4), and the zeros λj (1 ≤ j ≤ 3) of w(Aφ, λ)2 specified as in (1).

Definition 2.1. For given t∞ > 0, c > 0 and small ε > 0, set

D(φ, t∞, c, ε) ={x = eiφ(5
4
t)4/5 ∈ C :

Re t > t∞, |Im t| < c, |eiφt − t0 − mωa − nωb| > ε, m, n ∈ Z},

Ď(φ, t∞, c, ε) =D(φ, t∞, c, ε) \
∪

1≤j≤3; m,n∈Z

Vj,m,n(ε),

Vj,m,n(ε) ={x = eiφ(5
4
t)4/5 ∈ C : |eiφ(t − tj) − t0 − mωa − nωb| ≤ ε},

where tj (1 ≤ j ≤ 3) are such that ℘(eiφtj − t0; g2(φ), g3(φ)) = λj (for x = eiφ(5
4
t)4/5 in

these domains, cf. Remark 1.1).

Let tm,n
j ∈ S(t∞, c) := {t |Re t > t∞, |Im t| < c} (j = 1, 2, 3,∞) be such that tm,n

j =

tj + e−iφ(t0 + mωa + nωb) if 1 ≤ j ≤ 3, and that tm,n
∞ = e−iφ(t0 + mωa + nωb) if j = ∞.

We may suppose ε so small that all the circles |t−tm,n
j | = ε (j = 1, 2, 3,∞; m,n ∈ Z) are

disjoint. Let l(tm,n
j ) ∈ S(t∞, c) (j = 1, 2, 3,∞) be the lines defined by t = Re tm,n

j + iη,

η ≥ Im tm,n
j if Im tm,n

j ≥ 0 (respectively, η ≤ Im tm,n
j if Im tm,n

j < 0), and let lx(tm,n
j ) be

the images of l(tm,n
j ) under the mapping x = x(t) = eiφ(5

4
t)4/5.
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Definition 2.2. For t∞, c, ε as in Definition 2.1, Ďcut(φ, t∞, c, ε) denotes Ď(φ, t∞, c, ε)

having cuts along lx(tm,n
j ) for all j = 1, 2, 3,∞ and m,n ∈ Z, where some local segments

contained in lx(tm,n
j ) are replaced with suitable arcs, if necessary, not to touch the image

of another small circle |t − tm
′,n′

j′ | = ε with (j′,m′, n′) 6= (j,m, n) under the mapping

x(t).

qf
qf

qf
qf

qf
qf
qf qf

qf
qf
qf

qf
qf
qf

qf
qf
qf

qf
qf
qf

x(tm,n
j )

(a) Ď(φ, t∞, c, ε)

qf
qf
qf

qf
qf
qf

qf
qf
qf qfqf qf

qf
qf

qf
B

BB

B
BB

B
B
BB

B
B

BB

BB

BB B
B

B
B

B
B

B
B

B
BB

B
BB

B
B
BBBB

B
B

BB BB

qf
qf

qf
qf lx(tm,n

j )

(b) Ďcut(φ, t∞, c, ε)

Figure 2.1. Ď(φ, t∞, c, ε) and Ďcut(φ, t∞, c, ε)

These domains are strips lying in the x-plane. For a function f(x) we may deal with

f̂(t) = f(x(t)) with t = 4
5
(e−iφx)5/4 or f̂(z) = f(x(z)) with z = eiφt = 4

5
eiφ(e−iφx)5/4

as x → ∞, say, through Ďcut(φ, t∞, c, ε), and then we write, in short, f(t) or f(z) in

Ďcut(φ, t∞, c, ε).

Suppose that |φ| < π/5. Let y(x) be a solution of (1.1) corresponding to (sj)1≤j≤5

such that s1s4 6= 0. Then we have the following.

Theorem 2.1. Let c > 0 and ε > 0 be given positive numbers as in Theorem A. Then

y(x) = (e−iφx)1/2
(
℘(eiφt − t0; g2(φ), g3(φ)) + O(t−1)

)
as x = eiφ(5

4
t)4/5 → ∞ through D(φ, t∞, c, ε), where t∞ is sufficiently large.

To deal with the error term explicitly, let us write (1.3) in the form

y(x) = (e−iφx)1/2℘(eiφt − t0 + h(eiφt); g2(φ), g3(φ)).

Set z = eiφt and write

p = p(z) = ℘(z − t0; g2(φ), g3(φ)),

β = β(z) =
8eiφ

5ωa

(
β0 −

5

4
e−iφJa(z − t0) +

ϑ′

ϑ

(z − t0
ωa

+ ν, τ
))

,

β0 = ln
s1

s4

− 5

4
e−iφJat0 + πi.
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The quantity β(z) = eiφBas(φ, t) is the leading term of the correction function eiφB(φ, t)

in Theorem B, and β(z) and p(z) are bounded uniformly in D(φ, t∞, c, ε). Then we have

the following explicit expression of h(z).

Theorem 2.2. Let P (λ) = 4w(Aφ, λ)2 = 4λ3 + 2eiφλ + Aφ, and let c, ε, δ be as in

Theorem A. Then as x = eiφ(5
4
e−iφz)4/5 → ∞ through Ďcut(φ, t∞, c, ε),

h(z) =

∫ z

∞
F (p, β)

dζ

ζ
−

∫ z

∞
(F (p, β)2 + G(p, β))

dζ

ζ2

− 1

10

∫ z

∞
K(p, β)I(ζ)

dζ

ζ
+ O(z−1−δ),

in which

F (p, β) =
β

2P (p)
− 2p

5
√

P (p)
, G(p, β) =

β2

8P (p)2
,

K(p, β) = 2(4eiφp + 3Aφ)F (p, β) − β, I(z) =

∫ z

∞

1

P (p)

dζ

ζ

with p = p(ζ), β = β(ζ), and in Ďcut(φ, t∞, c, ε) the integrals converge and are evaluated

as

I(z) ¿ z−1,

∫ z

∞
F (p, β)

dζ

ζ
¿ z−1,∫ z

∞
(F (p, β)2 + G(p, β))

dζ

ζ2
¿ z−1,

∫ z

∞
K(p, β)I(ζ)

dζ

ζ
¿ z−1.

Remark 2.1. For the sake of convenience the integrals are considered in Ďcut(φ, t∞, c, ε),

which is simply connected, to avoid the possible multi-valuedness around poles of the

integrands. Then h(z) is considered substantially along the ray arg x = φ and expressed

by the ℘-function with (g2(φ), g3(φ)) = (−2eiφ,−Aφ).

The integration constant β0 appears in h(z) as described in the following.

Corollary 2.3. In Ďcut(φ, t∞, c, ε) we have zh(z) = h0β
2
0 + h1(z)β0 + h2(z) + O(z−δ)

with h1(z) = O(1), h2(z) = O(1) and

h0 = − 24

5ω2
a

e2iφ(8e3iφ + 27A2
φ)

−1.

Remark 2.2. Along any direction in the sector 3π/5 < φ − 2πk/5 < π, k ∈ Z, the

formulas of the main results are written in terms of t0 and β0 with (s2−2k, s5−2k/s2−2k)

in place of (s1, s4/s1) (cf. [15, Theorems 2 and 4]). This discontinuity of integration

constants may also be considered as a nonlinear Stokes phenomenon [3, p. 379].

Remark 2.3. For a given simply connected unbounded subdomain D0 ⊂ Ď(φ, t∞, c, ε),

Theorem 2.2 and Corollary 2.3 are also valid as x → ∞ through D0.
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3. System of equations and integral representations

Let c, ε and δ be as in Theorem A. The number t∞ is retaken if necessary, being

denoted by the same letter t∞ in each appearance in our argument. In the proofs of our

theorems we may suppose that 0 < δ < 1.

By the change of variables t = 4
5
(e−iφx)5/4, y = (e−iφx)1/2v, equation (1.1) or (d/dx)((y′)2−

4y3 − 2xy) = −2y is taken to

t
d

dt
aφ +

6

5
aφ = −8

5
eiφv

with

aφ = e−2iφ
(
vt + (2/5)t−1v

)2 − 4v3 − 2eiφv,

which is the Lagrangian or the Hamiltonian 2(e−iφx)−3/2H(x, y(x), y′(x)) appearing in

Theorem B, [15, Theorem 4]. Setting aφ = Aφ + t−1B(φ, t) with eiφt = z, eiφB(φ, t) = b,

we have the system of equations(
vz + (2/5)z−1v

)2
= 4v3 + 2eiφv + Aφ + z−1b,

bz = −8

5
eiφv − 6

5
Aφ − 1

5
z−1b.

(3.1)

Note that (1.5) is written as B(φ, t) = Bas(φ, t) + O(t−δ). The system

p2
z = 4p3 + 2eiφp + Aφ,

βz = −8

5
eiφp − 6

5
Aφ

(3.2)

admits a solution (p, β) = (p(z), β(z)) = (℘(z− t0; g2(φ), g3(φ)), eiφBas(φ, e−iφz)), where

validity of the second equation is due to [15, Proposition 6, (3.13)]. System (3.2) is, at

least formally, an approximation to (3.1).

Proposition 3.1. For y(x) given by (1.3) set p(z + h(z)) = (e−iφx)−1/2y(x) with

eiφt = z in Ďcut(φ, t∞, c, ε). Then (v, b) = (p(z + h(z)), eiφB(φ, e−iφz)) solves (3.1).

By (1.3) and [15, Theorem 4] with b(z) − β(z) = eiφ(B(φ, e−iφz) − Bas(φ, e−iφz)), we

have the following.

Proposition 3.2. In Ďcut(φ, t∞, c, ε), h(z) ¿ z−δ, and b(z) is bounded and satisfies

b(z) − β(z) ¿ z−δ.

Recall that P (λ) = 4λ3 + 2eiφλ + Aφ. Let us insert v = p(h)(z) := p(z + h(z)) into

the first equation of (3.1). Observing that vz = (1 + h′)p′(z + h) = (1 + h′)
√

P (p(h)),

and that (1 + h′)
√

P (p(h)) + (2/5)z−1p(h) =
√

P (p(h))(1 + z−1bP (p(h))
−1)1/2, we have,

in Ď(φ, t∞, c, ε),

h′ =
( b

2P (p(h))
−

2p(h)

5
√

P (p(h))

)
z−1 − b2

8P (p(h))2
z−2 + O(z−3).

Furthermore, by p(h)(z) = p(z) + hp′(z) + O(h2),

h′ = F (p, b)z−1 − G(p, b)z−2 + Fv(p, b)p′hz−1 + O(z−1(|z−1| + |h|)2) (3.3)
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with F (v, b) = 1
2
bP (v)−1 − 2

5
vP (v)−1/2, G(v, b) = 1

8
b2P (v)−2 as in Theorem 2.2. Write

χ := b − β. Then the second equations of (3.1) and (3.2) yield

χ′ = − 8

5
eiφ(p(h)(z) − p(z)) − b(z)

5
z−1

= − 8

5
eiφ

(
p′h +

p′′

2!
h2 + · · · + p(m)

m!
hm + Emhm+1

)
− b

5
z−1

for any positive integer m, where Em ¿ 1 in Ď(φ, t∞, c, ε). Let {zn} ⊂ Ď(φ, t∞, c, ε) be

any sequence such that zn → ∞. Then integration by parts leads to

χ(z) − χ(zn) = − 8

5
eiφ

[
ph +

p′

2
h2 + · · · + p(m−1)

m!
hm

]z

zn

+
8

5
eiφ

∫ z

zn

((
p + p′h + · · · + p(m−1)

(m − 1)!
hm−1

)
h′ − Emhm+1

)
dζ − 1

5

∫ z

zn

(β + χ)
dζ

ζ
.

By (3.3), h′ = (F (p, β) + 1
2
χP (p)−1 + R̃)z−1 with R̃ ¿ |z−1| + |h|, and hence the sum

of the integrals on the right-hand side is

1

5

∫ z

zn

(8eiφF (p, β)p − β)
dζ

ζ
+

1

5

∫ z

zn

R(h, χ)
dζ

ζ
− 8

5
eiφ

∫ z

zn

Emhm+1dζ,

with

R(h, χ) :=8eiφ
(
p′ + · · · + p(m−1)

(m − 1)!
hm−2

)(
F (p, β) +

χ

2P (p)
+ R̃

)
h

+ 8eiφp
( χ

2P (p)
+ R̃

)
− χ ¿ |h| + |χ| + |ζ−1|. (3.4)

Now suppose that, for a positive number µ satisfying δ ≤ µ ≤ 1,

h(z) ¿ z−µ (3.5)

in Ďcut(φ, t∞, c, ε). By Proposition 3.2 this supposition is true for µ = δ, and χ(z) ¿ z−δ.

Choose m such that δ(m + 1) ≥ 3. The passage to the limit zn → ∞ leads to

χ +
8

5
eiφph =

1

5

∫ z

∞
(8eiφF (p, β)p − β)

dζ

ζ
+

1

5

∫ z

∞
R(h, χ)

dζ

ζ
+ O(z−2µ), (3.6)

in which the convergence of∫ z

∞
(8eiφF (p, β)p − β)

dζ

ζ
¿ z−δ

is guaranteed by the absolute convergence of
∫ z

∞ R(h, χ)ζ−1dζ ¿ z−δ (cf. (3.4) and

Proposition 3.2). Under (3.5), observing that, in (3.3),

−G(p, b)z−2 + Fv(p, b)p′hz−1 = −G(p, β)z−2 + Fv(p, β)p′hz−1 + O(z−1−µ−δ),

and that∫ z

zn

Fv(p, β)p′h
dζ

ζ
=

∫ z

zn

(
F (p, β)′ − β′

2P (p)

)
h
dζ

ζ

=
[
F (p, β)hζ−1

]z

zn

−
∫ z

zn

(
F (p, β)h′ +

β′h

2P (p)

)dζ

ζ
+

[
O(z−1−µ)

]z

zn
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= −
∫ z

zn

(
F (p, β)2ζ−1 +

β′h

2P (p)

)dζ

ζ
+

[
O(z−1−δ)

]z

zn

,

we may apply a similar argument to (3.3) with F (p, b) = F (p, β) + 1
2
χP (p)−1, and the

convergence of
∫ z

∞ F (p, β)ζ−1dζ follows. Thus we have the following relations, in which

the second equation follows from (3.6) and (3.2).

Proposition 3.3. Under the supposition (3.5), in Ďcut(φ, t∞, c, ε),

h =

∫ z

∞
F (p, β)

dζ

ζ
−

∫ z

∞
(F (p, β)2 + G(p, β))

dζ

ζ2
+

∫ z

∞

χ − β′h

2P (p)

dζ

ζ
+ O(z−µ−δ),

χ−β′h =
6

5
Aφh +

1

5

∫ z

∞
H(p, β)

dζ

ζ
+

1

5

∫ z

∞
R(h, χ)

dζ

ζ
+ O(z−2µ),

in which H(p, β) = 8eiφF (p, β)p − β, every integral converges, and∫ z

∞
F (p, β)

dζ

ζ
¿ z−δ,

∫ z

∞
(F (p, β)2 + G(p, β))

dζ

ζ2
¿ z−1,

∫ z

∞

χ − β′h

2P (p)

dζ

ζ
¿ z−δ,∫ z

∞
H(p, β)

dζ

ζ
¿ z−δ,

∫ z

∞
R(h, χ)

dζ

ζ
¿ z−δ.

4. Proofs of the main results

By Proposition 3.3,

h − 3

5
Aφ

∫ z

∞

h

P (p)

dζ

ζ
=

∫ z

∞
F (p, β)

dζ

ζ
−

∫ z

∞
(F (p, β)2 + G(p, β))

dζ

ζ2
+ I1 + O(z−µ−δ)

with

I1 =
1

10

∫ z

∞

1

P (p)

∫ ζ

∞
(H(p, β) + R(h, χ))

dζ1

ζ1

dζ

ζ

in Ďcut(φ, t∞, c, ε) since µ ≥ δ. Note that
∫ z

∞ P (p)−1ζ−1dζ ¿ z−1 by Lemma 5.5 shown

later, and
∫ z

∞ H(p, β)ζ−1dζ ¿ z−δ,
∫ z

∞ R(h, χ)ζ−1dζ ¿ z−δ by Proposition 3.3 and (3.4).

Then integration by parts leads to

10I1 =

∫ z

∞

1

P (p)

dζ

ζ

∫ z

∞
(H(p, β) + R(h, χ))

dζ

ζ

−
∫ z

∞

∫ ζ

∞

1

P (p)

dζ1

ζ1

(H(p, β) + R(h, χ))
dζ

ζ

= −
∫ z

∞
H(p, β)

∫ ζ

∞

1

P (p)

dζ1

ζ1

dζ

ζ
+ O(z−1−δ). (4.1)

Furthermore, by (3.3), (3.5), Lemma 5.5 and Proposition 3.2,∫ z

∞

h

P (p)

dζ

ζ
= h

∫ z

∞

1

P (p)

dζ

ζ
−

∫ z

∞
h′

∫ ζ

∞

1

P (p)

dζ1

ζ1

dζ

= −
∫ z

∞

(
F (p, β) +

χ

2P (p)

) ∫ ζ

∞

1

P (p)

dζ1

ζ1

dζ

ζ
+ O(z−1−µ)

= −
∫ z

∞
F (p, β)

∫ ζ

∞

1

P (p)

dζ1

ζ1

dζ

ζ
+ O(z−1−δ). (4.2)
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Using (4.1) and (4.2) we obtain, under supposition (3.5),

h =

∫ z

∞
F (p, β)

dζ

ζ
−

∫ z

∞
(F (p, β)2 + G(p, β))

dζ

ζ2

− 1

10

∫ z

∞
K(p, β)I(ζ)

dζ

ζ
+ O(z−µ−δ) (4.3)

in Ďcut(φ, t∞, c, ε), in which the implied constant possibly depends on µ, and K(p, β) =

H(p, β)+6AφF (p, β) = 2(4eiφp+3Aφ)F (p, β)−β, I(z) =
∫ z

∞ P (p)−1ζ−1dζ. The integrals

on the right-hand side of (4.3) satisfy∫ z

∞
F (p, β)

dζ

ζ
¿ z−1,

∫ z

∞
(F (p, β)2 + G(p, β))

dζ

ζ2
¿ z−1,∫ z

∞
K(p, β)I(ζ)

dζ

ζ
¿ z−1, I(z) ¿ z−1,

(4.4)

in which the first nontrivial estimate follows from Lemmas 5.5 and 5.4 with p/
√

P (p) =

pp′/P (p) and β(z) = 8
5
eiφω−1

a (β0 + b(z − t0)) (cf. (5.4)).

4.1. Derivation of Theorem 2.2 and Corollary 2.3. To prove Theorem 2.2 let us

start with (1.3) and (1.5) of Theorems A and B with given c > 0, ε > 0 and a small

δ > 0. By (4.4) the sum of the integrals on the right-hand side of (4.3) is O(z−1)

in Ďcut(φ, t∞, c, ε) for sufficiently large t∞. Note that (3.5) is valid for µ = δ, i.e.

h(z) ¿ z−δ. Then, by (4.3) with µ = δ, we have h(z) ¿ |z−1| + |z−2δ|. If 2δ < 1, then

(3.5) is valid for µ = 2δ, which implies asymptotic formula (4.3) with the error bound

O(z−3δ) and h(z) ¿ |z−1| + |z−3δ|. For m0 such that m0δ < 1 ≤ (m0 + 1)δ, m0-times

repetition of this procedure results in (4.3) with µ = m0δ, which yields (3.5) with µ = 1.

Then (4.3) with µ = 1 is valid in Ďcut(φ, t∞, c, ε), implying Theorem 2.2. Calculation of

the coefficient of β2
0 by the use of Lemma 5.5 leads us to Corollary 2.3.

4.2. Derivation of Theorem 2.1. Theorem 2.2 implies h(z) ¿ z−1 in Ďcut(φ, t∞, c, ε).

Note that

(e−iφx)−1/2y(x) − ℘(eiφt − t0; g2(φ), g3(φ))

=℘(eiφt − t0 + h(eiφt); g2(φ), g3(φ)) − ℘(eiφt − t0; g2(φ), g3(φ))

¿℘′(eiφt − t0; g2(φ), g3(φ))h(eiφt) ¿ t−1

in Ďcut(φ, t∞, c, ε), and that the function on the first line is holomorphic in D(φ, t∞, c, ε).

By using the maximal modulus principle in excluded discs around tm,n
j (1 ≤ j ≤

3; m,n ∈ Z), we obtain Theorem 2.1.

5. Lemmas on primitive functions

It remains to show the lemmas on primitive functions used in the proofs of the main

results. Recall that P (λ) = 4w(Aφ, λ)2 as in Theorem 2.2, and let us write

P (λ) = 4λ3 − g2λ − g3 = 4(λ − λ1)(λ − λ2)(λ − λ3), g2 = −2eiφ, g3 = −Aφ,
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λ1 = ℘(ω1), λ2 = ℘(ω2), λ3 = ℘(ω3),

where

ω1 =
1

2
ωa, ω3 =

1

2
ωb, ω1 + ω2 + ω3 = 0.

Then

λ1 + λ2 + λ3 = 0, λ2λ3 + λ3λ1 + λ1λ2 = −g2/4, λ1λ2λ3 = g3/4,

(λ2 − λ3)
2(λ3 − λ1)

2(λ1 − λ2)
2 =

1

16
(g3

2 − 27g2
3),

and ωa and Ja are also written in the form

ωa =

∫
a

dλ√
P (λ)

, Ja =

∫
a

√
P (λ)dλ.

Lemma 5.1. Let

γ1 = (λ1 − λ2)(λ1 − λ3), γ2 = (λ2 − λ3)(λ2 − λ1), γ3 = (λ3 − λ1)(λ3 − λ2),

γ0 = 5(g3
2 − 27g2

3)
−1

and ℘(z) = ℘(z; g2, g3). Then∫ z

0

dz

P (℘(z))
= − 1

4ωa

(
γ−2

1

(5Ja

2g2

z +
ϑ′

ϑ

( z

ωa

+
τ

2
, τ

))
+ γ−2

2

(5Ja

2g2

z +
ϑ′

ϑ

( z

ωa

, τ
))

+ γ−2
3

(5Ja

2g2

z +
ϑ′

ϑ

( z

ωa

+
1

2
, τ

)))
+ C0,∫ z

0

dz

P (℘(z))2
=γ0z − 1

96ωa

(
γ−4

1 (∂2
z − 48λ1)

(5Ja

2g2

z +
ϑ′

ϑ

( z

ωa

+
τ

2
, τ

))
+ γ−4

2 (∂2
z − 48λ2)

(5Ja

2g2

z +
ϑ′

ϑ

( z

ωa

, τ
))

+ γ−4
3 (∂2

z − 48λ3)
(5Ja

2g2

z +
ϑ′

ϑ

( z

ωa

+
1

2
, τ

)))
+ C1,

where C0 and C1 are some constants and ∂z = d/dz.

Proof. Around ωj (j = 1, 2, 3),

1

P (℘(z))
=

1

4
γ−2

j (z − ωj)
−2(1 + O(z − ωj)

2)

since ℘(z) = λj + γj(z − ωj)
2 + O(z − ωj)

4. Hence

1

P (℘(z))
− 1

4
(γ−2

1 ℘(z − ω1) + γ−2
2 ℘(z − ω2) + γ−2

3 ℘(z − ω3)) ≡ Γ0, (5.1)

in which, by putting z = 0, we find Γ0 = 9g3(g
3
2 − 27g2

3)
−1. We may set, for some c0,

℘(z) +
1

ωa

∂z
ϑ′

ϑ

( z

ωa

+ ν, τ
)
≡ c0, (5.2)

integration of which yields

ωac0 = c0

∫ ω1

−ω1

dz =

∫ ω1

−ω1

℘(z)dz =

∫
a

λ√
P (λ)

dλ.
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Observing that

Ja =

∫
a

√
P (λ)dλ =

∫
a

(2

3
λ

(√
P (λ)

)′ − 2

3

g2λ√
P (λ)

− g3√
P (λ)

)
dλ

= − 2

3
Ja −

2

3
g2

∫
a

λ√
P (λ)

dλ − g3ωa,

we have c0 = −5Ja/(2g2ωa) − 3g3/(2g2). Inserting (5.2) with z 7→ z − ωj (j = 1, 2, 3)

into (5.1), and using

Γ0 −
3g3

8g2

(γ−2
1 + γ−2

2 + γ−2
3 ) = 0,

we obtain the first primitive function. To derive the second formula, we note that,

around z = ωj (j = 1, 2, 3),

16

P (℘(z))2
=

(
γ−2

j ℘(z − ωj) − 4γ−2
j λj + O(z − ωj)

2
)2

=γ−4
j (℘(z − ωj)

2 − 8λj℘(z − ωj) + O(1))

by (5.1), since, say around z = ω1, ℘(z − ω2) = ℘(ω3) + O(z − ω1)
2, ℘(z − ω3) =

℘(ω2) + O(z − ω1)
2, with γ−2

2 λ3 + γ−2
3 λ2 + 4Γ0 = −4γ−2

1 λ1. Then we set

16

P (℘(z))2
− γ−4

1 (℘(z − ω1)
2 − 8λ1℘(z − ω1)) − γ−4

2 (℘(z − ω2)
2 − 8λ2℘(z − ω2))

− γ−4
3 (℘(z − ω3)

2 − 8λ3℘(z − ω3)) ≡ Γ1 (5.3)

with

Γ1 =
7((λ2 − λ3)

4λ2
1 + (λ3 − λ1)

4λ2
2 + (λ1 − λ2)

4λ2
3)

(λ2 − λ3)4(λ3 − λ1)4(λ1 − λ2)4
.

Insertion of (5.2) and

℘(z)2 +
∂3

z

6ωa

ϑ′

ϑ

( z

ωa

+ ν, τ
)
≡ g2

12

with z 7→ z − ωj (j = 1, 2, 3) into (5.3) leads to the second formula. ¤

Lemma 5.2. Under the same supposition as in Lemma 5.1, for k = 0, 1, 2,∫ z

z0

℘(z)k℘′(z)

P (℘(z))
dz =

1

4

(
γ−1

1 λk
1 ln(℘(z) − λ1)

+ γ−1
2 λk

2 ln(℘(z) − λ2) + γ−1
3 λk

3 ln(℘(z) − λ3)
)

+ C(z0),

where z0 6∈ {0, ω1, ω2, ω3} + ωaZ + ωbZ, and C(z0) is some constant.

Proof. Note that, for k = 0, 1, 2,

4℘k

P (℘)
= γ−1

1 λk
1(℘ − λ1)

−1 + γ−1
2 λk

2(℘ − λ2)
−1 + γ−1

3 λk
3(℘ − λ3)

−1,

from which the lemma follows. ¤
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Recall that p(z) = ℘(z − t0) and

β(z) =
8eiφ

5ωa

(β0 + b(z − t0)), b(σ) = −5

4
e−iφJaσ +

ϑ′

ϑ

( σ

ωa

+ ν, τ
)
. (5.4)

Then we have the following.

Lemma 5.3. Let α0 ∈ C be a given number. Then∫ s

∞
(b(σ − α0) + b(σ + α0))σb(σ)

dσ

σ̃
¿ s−1, σ̃ = σ + t0

as x = eiφ(5
4
e−iφs)4/5 → ∞ through Ďcut(φ, t∞, c, ε), in which the integral on the left-

hand side is convergent.

Proof. Let xν = eiφ(5
4
e−iφsν)

4/5 be any sequence tending to ∞ through Ďcut(φ, t∞, c, ε).

Note that b(s) and b(s±α0) are bounded in Ďcut(φ, t∞, c, ε). Integration by parts leads

to ∫ s

sν

b(σ − α0)σb(σ)
dσ

σ̃
=

[
b(σ − α0)b(σ)σ̃−1

]s

sν

−
∫ s

sν

b(σ − α0)bσ(σ)
dσ

σ̃
+

∫ s

sν

b(σ − α0)b(σ)
dσ

σ̃2

= −
∫ s−α0

sν−α0

b(σ)bσ(σ + α0)
dσ

σ̃ + α0

+ O(s−1) + O(s−1
ν )

= −
∫ s

sν

b(σ + α0)σb(σ)
dσ

σ̃
+ O(s−1) + O(s−1

ν ).

The passage to the limit sν → ∞ leads to the lemma. ¤

By Lemma 5.1 with g2 = −2eiφ, we may write

1

P (℘(z))
= − 1

4ωa

d

dz

(γ−2
1

2
(b(z − ωa/2) + b(z + ωa/2))

+
γ−2

2

2
(b(z − ωaν) + b(z + ωaν)) +

γ−2
3

2
(b(z − ωaτ/2) + b(z + ωaτ/2))

)
.

Substituting z by z − t0 and using Lemma 5.3 we have the following.

Lemma 5.4. In Ďcut(φ, t∞, c, ε),∫ z

∞

b(ζ − t0)

P (p(ζ))

dζ

ζ
¿ z−1,

in which the integral on the left-hand is convergent.

Lemma 5.5. In Ďcut(φ, t∞, c, ε),∫ z

∞

1

P (p(ζ))

dζ

ζ
¿ z−1,

∫ z

∞

1

P (p(ζ))2

dζ

ζ2
= −γ0z

−1 + O(z−2),

∫ z

∞

p(ζ)p′(ζ)

P (p(ζ))

dζ

ζ
¿ z−1,

where γ0 = −5(8e3iφ + 27A2
φ)

−1.
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Proof. Let γ0z + F (z) be the primitive function of 1/P (℘(z))2 given in Lemma 5.1,

where F (z) is bounded in Ďcut(φ, t∞, c, ε). Then∫ z

∞

1

P (p(ζ))2

dζ

ζ2
=

[
(F (ζ − t0) + γ0ζ)

1

ζ2

]z

∞
+2

∫ z

∞
(F (ζ − t0) + γ0ζ)

dζ

ζ3

= − γ0z
−1 + O(z−2),

which is the second integral. The remaining estimates are similarly obtained by the use

of Lemmas 5.1 and 5.2. ¤

6. Discussion

Our main results Theorems 2.1 and 2.2 are derived by combining expressions (1.3)

and (1.5) of y(x) and of B(φ, t) in Theorems A and B, respectively, with analysis on

the integral equations (associated with system (3.1)) in Proposition 3.3 via (4.3). The

formulas of Theorems A and B with the error bounds O(t−δ) have been obtained in

[14] and [15] by WKB analysis on isomonodromy linear system (1.2). Our approach to

the error term is said to be purely classical iterative calculation via (4.3) by the use

of (1.3) and (1.5). This is just in the situation as referred to in [15, Remark 1]. The

essential part of this procedure owes much to the structure of the integral relation (4.3)

containing the term ∫ z

∞
F (p, β)

dζ

ζ
¿ z−1,

in which the key to the estimate is Lemma 5.3. The corresponding error O(t−1), say

in [5], is a quantity arising in constructing the solution of the related Riemann-Hilbert

problem.

It may be conjectured that the error bound of (1.5) in Theorem B is O(t−1). If this

is valid, then, in Theorem 2.2, the error bound of the expression for h(z) is O(z−2). For

the fifth Painlevé transcendents the corresponding error bound estimates are valid [19],

[18].
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Hilbert Approach, Math. Surveys and Monographs 128. AMS, Providence (2006)

[4] Hurwitz, A., Courant, R.: Vorlesungen über allgemeine Funktionentheorie und elliptische Funk-
tionen, Springer, Berlin (1922)

[5] Its, A.R., Kapaev, A.A.: The nonlinear steepest descent approach to the asymptotics of the second
Painlev’e transcendent in the complex domain, MathPhys odyssey, 2001, pp. 273–311. Prog. Math.
Phys., 23, Birkhauser, Boston, Boston, MA (2002)
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transcendents’. Kyushu J. Math. 77, 191–202 (2023), arXiv:2012.07321 math.CA

[19] Shimomura, S.: Two error bounds of the elliptic asymptotics for the fifth Painlevé transcendents.
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