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ABSTRACT. For the fifth Painlevé transcendents an asymptotic representation by the
Jacobi sn-function is presented in cheese-like strips along generic directions near the
point at infinity. Its elliptic main part may be understood to depend on the phase
shift as a single integration constant, which is parametrised by monodromy data for
the associated isomonodromy deformation. The other integration constant is contained
in the error term or in a correction function. This paper contains corrections of the

Stokes graph and of the related results in the early version.
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1. INTRODUCTION

The fifth Painlevé equation

by Y- (s )yt

=1 (60— 61+ 6:)2y -

812

(6 — 61 —000)2> (1= -0 - y(y +1)

y 2(y — 1)

with 6y, 01, 0 € C defines nonlinear special functions, which are meromorphic on the

universal covering space of C\{0}. A general solution is expressed by a convergent series
in a spiral domain around x = 0, and admits asymptotic representations as x — oo along
the real and the imaginary axes (cf. e.g. [37], [36]). Using the isomonodromy property
and the WKB analysis, for a generic case of (Py) Andreev and Kitaev [5] obtained
families of solutions near x = 0 and x = oo on the positive real axis, and connection
formulas for these solutions. Along the imaginary axis asymptotic solutions and the
associated monodromy data have been studied by [6], [38]. Furthermore Lisovyy et al.
[29] gave a connection formula for the tau-function 7y (z) between z = 0 and = = ico
and the ratios of multipliers of 7v(z) as  — 0, 400, i00.

Near x = 0o along directions other than the real or imaginary axis, a general solution
of (Py) behaves quite differently. In generic directions it is known that, for solutions of
the Painlevé equations (Py), ..., (Pry) except truncated or classical ones, the Boutroux
ansatz holds [8], [9]. Elliptic asymptotic representations have been studied for (Py),

(Pr1) by Joshi and Kruskal [20], [21], Its and Kapaev [15], Kapaev [22], [23], Kapaev
1
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and Kitaev [25], Kitaev [27], [28] and Novokshenov [30], [31]; for (Prp) by Novokshenov
[32], [33]; and for (Pry) by Kapaev [24], Vereshchagin [41]. The elliptic representations
for (Py;) and (Pyyr), nonlinear Stokes phenomena and connection problems are also in
the monograph [12] (see also [16]). Concerning the elliptic representation for solutions
of (Py) Iwaki’s recent work [17] by the topological recursion is remarkable.

In this paper we show the Boutroux ansatz for the fifth Painlevé equation (Pv), that
is, present an elliptic asymptotic representation for a general solution of (Py), which
is given by the Jacobi sn-function, along generic directions near the point at infinity
(Theorem 2.1). In deriving our results we employ the isomonodromy property described
as follows: for the complex parameter x the isomonodromy deformation of the two-

dimensional linear system

dE_ T .Ao .A1 —_ o 1 0
(1.1) ds <§03+?+5—1>“’ 73 = (0 —1)’
Ay = 3+60/2 —u(z+ o)
3fu —3—600/2)°

Ay = —3 = (0o + 0s)/2 wy(3+ (6o — 01 + 0:)/2)
—(uy) (3 + (00 + 01 + 0)/2) 54 (00 +0s0)/2

with (y,3,u) = (y(z),3(z),u(z)) is governed by the system of equations

d 1 1
e =y =2y — 1)~ (y - 1)(5(90 =01+ 0o0)y — 5 (300 + 61 + 000)>,

de
x% = yé(ﬁ + 5(90 — 0, —l—@oo)) - T(5 + 5(90—1—91 —l—Qoo)),

v logu = ~25 — Ao+ (3 + 5 (60— 61 4+ 0u)) + i(z 5o+ 61+ 6s),
which is equivalent to (Py) [19, Appendix C], [18], [5]; that is, y(x) solves (Pv) if and only
if the monodromy data M°, M S;, S for (1.1) (defined in Section 2) remain invariant
under a small change of z. We apply the WKB analysis to calculate the monodromy
data, which is used in deriving the elliptic expression of the main results. The main term
expressed by the sn-function may be understood to depend on the phase shift only as a
single integration constant parametrised by the monodromy data. The other integration
constant is hidden in the error term, and is also deeply related to the correction function
B,(t) = t(as(t) — Ay) with ¢ = argx. The error term admits an explicit asymptotic
formula containing the other integration constant [40, Theorems 2.2 and 2.3].

This paper is organised as follows. Section 2 describes our main results on the expres-
sion of a general solution by the Jacobi sn-function for 0 < |¢| < 7/2 (Theorem 2.1) and
for 0 < |¢p—7| < w/2 (Theorem 2.2). Section 3 provides basic facts necessary in proving
the main results: parametrisation of y(z) by the monodromy data; turning points and
Stokes curves for the symmetric linear system (3.4) with A = ¢*(2¢ — 1); and a WKB-
solution in the canonical domain and local solutions around turning points. Section 4 is
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devoted to a direct monodromy problem for system (3.4). The monodromy matrices are
obtained from connection matrices along suitably chosen paths, which are calculated by
WKB analysis under the supposition (4.3). The monodromy matrices are expressed in
term of integrals related to the characteristic roots and the WKB-solutions. In Section
5, these integrals are represented by elliptic integrals and the J-function (Propositions
5.3, 5.5 and Corollary 5.4). In Section 6, considering an inverse monodromy problem
by the use of the propositions in Section 5 and following the justification scheme by
Kitaev [26], we arrive at the elliptic asymptotic representation of y(z) as in Theorem
2.1 and an asymptotic expression of the correction function By(t). For Theorem 2.2 the
proof is sketched. Section 7 gives an alternative approach to By(t), by using a system
equivalent to (Py) via its Lagrangian. This system is employed in the study of the error
term [40]. Several properties of the Boutroux equations and its solution are important
in our arguments, which are discussed in the final section.

In the early version of [39] the Stokes graph is incorrect, and it affects the phase shifts
of asymptotic solutions in [39, Theorems 2.1 and 2.2]. The amended Stokes graph and
the subsequent modifications including the corrected phase shifts are contained in the
second version (Corrigendum of [39]). In the preceding version, the further correction of
the phase shift in Theorem 2.1 (—€2,/2 is added), and the following changes were made:

(i) Theorem 2.2 is renewed. Theorems 2.3 and 2.4 are replaced with unconditional
results cited from [40], and the early proofs are removed from Section 6.

(ii) In the proof of Proposition 3.4 a minor revision is made. Estimates in Proposition
3.5 are improved. Remarks 3.7 and 4.1 are added, which are related to Proposition 3.5.

(iii) Subsection 4.2 is revised and Figure 4.2 is added.

(iv) The contents of Section 7 of the early version is replaced with a description on
By(t), which was contained in Section 6.

This version contains several minor revisions for readability, e.g. Theorem 2.1.

Throughout this paper we use the following symbols:

(1) 01, 09, 03 are the Pauli matrices

0 1 0 —i 1 0
o1 = O = Oq = N
\ro) P\ o) P N0 <)

(2) for complex-valued functions f and g, we write f < g or g > fif f = O(|g|),
and write f < gif g < [ < g.
2. MAIN RESULTS

To state our main theorems, we make necessary preparations. Let system (1.1) admit

the isomonodromy property with respect to a fundamental matrix solution of the form

2.1 =(€) = =(2,€) = (1 +0( ™)) exp (6 — e log )

as ¢ — oo through the sector |arg(zf) — 7/2| < w. Let M° M M> € SLy(C) be
the monodromy matrices defined by Z() (&) = Z(&)M” for v = 0,1, 00. Here Z)(¢),
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v = 0,1,00 denote the analytic continuations of Z(¢) along the respective loops lg, [,
lo € m(PYC)\ {0,1,00}) as in Figure 2.1 defined for —7/2 < argz < /2, which
start from the point py, satisfying 100 < |ps| < oo and arg(xpsg) = 7/2 and surround,
respectively, £ = 0, £ = 1 and £ = oo anticlockwise. It is easy to see M*®M'M° = I.
To define Stokes matrices, for each k € Z, denote by Z;(§) the matrix solution of

Pst — boo (O
E=o00
” \:\ll
{
O, =
T ¢=0

FIGURE 2.1. Loops ly, l1, lo for —m/2 < argx < 7/2

system (1.1) admitting the same asymptotic representation as (2.1) as £ — oo through
the sector |arg(xf) — /2 — (k — 2)w| < m. Then the Stokes matrices S, are defined by

Ek+1(§) = Ek(§) Sk, in particular, for Z(£) = Z5(¢)

= _= = = _ 10 . 1 s
(2:2) 2 =E1(&)5, E3(§ =E()S, Si= <51 1) , Sy = (0 1) .

The monodromy data M° = (m;) and M" = (mj;) satisfy (3.2) [5]. Set
Moo1,0.0) = {(M°, M") € SLy(C)? [ myym], + mygmy, = e ™0,
tr M? = 2cos wly, tr M' = 2cosmhy}/ ~,

where (M, M) ~ (M° M) if (M° M") = ¢73(M°, M*")c=7 for some ¢ € C\ {0}.
Then dimeM g, 0, 0..) = 2. Let us call Mg 0, 9..) the monodromy manifold. As shown
in Proposition 3.1, for every (M° M') € M, 0, 0..) such that M° M' £ +I, there
exists uniquely a solution y(z) of (Py) corresponding to (M° M), and then y(x) is
labelled with (MY, M?).

For w(A4, z) := /(1 — 22)(A — 22) consider the Riemann surface I, = II, UTI_ such
that I, and IT_ are glued along the cuts [—1, —A/?] and [A'/2, 1] with Re A2 > 0. Let
the branches be such that z72,/(1 — 22)(A — 22) — —1 and /(A — 22)/(1 —22) — 1

as z — oo on the upper sheet II,." Let a and b denote basic cycles on I14 as drawn in

Figure 2.2 when A = A,. For a given number ¢ € R, the Boutroux equations

. A— 22 , A-— 22
110) — i —
(2.3) Ree /awl_zzdz Ree /b”l—z?dZ 0

admit a unique solution A = A, € C having the properties:
(i) 0<ReAy <1forp € R, and Ay =0, Ayr)o = 1;
(11) A_¢ = A_¢, Ad):i:w = A¢ for ¢ € R;

Then A=1/2,/(1 — 22)(A — 22) — 1 and A~'/2/(A—22)/(1 —22) - 1 as z — 0 on II,.
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(ili) for 0 < ¢ < 7/2, Im A, > 0, and, for —7/2 < ¢ <0,Im A, <0
(cf. Proposition 8.17 and Figure 8.2, (a)). By (i) we fix Re A;ﬂ > 0, and then (A4)/? =

A(lb/z. In what follows let a and b be on 14, = I, UIL_ as in Figure 2.2. Write

dz A¢ — 22
Qup =0 - = — = [
a,b a,b(¢) /a7b U)(Ad),Z)’ (C:a,b ga,b<¢) /a’b 1— 22 dZ7

and let sn(u; k) denote the Jacobi sn-function with modulus k.

1/2
Ay

1/2
—Ay

FIGURE 2.2. Cycles a, b on 14,

2.1. Elliptic representation. For 0 < |¢| < m/2 we have the following,.

Theorem 2.1. Let M° = (m{;) and M' = (mj;) be such that m{ym9mi, # 0
(respectively, mi,m9mly, #0). Then, for —m/2 < ¢ < 0 (respectively, 0 < ¢ < 7/2), a
solution y(z) labelled with (M, M) admits an elliptic representation of the form
y(x) +1
y(z) =1
with A(x) = O(x7%) as x = €t — oo through the cheese-like strip
S(§, toos k0, G0) = { = €t| Ret > to, [Imt| < o} \ | {|z — pl < do},

PEPo

Po={p| sullp - 20)/2% A*) = 00} = {wo + QZ + (2L + 1)},

= A;/an((:v —x0)/2+ A(x); A;/Q),

0 > 0 being some positive number, kg > 0 a given number, dg > 0 a given small number,
and too = too(Ko, 00) a large number depending on (kg, ). Furthermore xo is such that

— —1 0,1 Qa Qa
To = — (Qb log(mgymyy) + Qalog m¢> — (7 + Qb> (0o +1) — 5>

-1 ,
_ ! (Qb log(e™®=m%, ml,) + Qa log md,,@w) —Qp— Oy mod 20,7 + 20, Z,
e

where Mg g, = e™=2mY, if —1/2 < ¢ <0, and = e"™=/2(m} )71 if 0 < ¢ < /2, and

my = e—ﬁiem/Zm@ew‘

Remark 2.1. In Theorem 2.1 the complementary cases, say mj;m3;mi, = 0 for 0 <
¢ < m/2 correspond to truncated or triply-truncated solutions [5, Corollaries 5.2 and
5.3], [4, §5], [2, Theorem 1.1}, [38, Theorem 2.21] (see also Remark 3.5). In Theorem
2.2 below similar truncated solutions exist in the complementary cases.
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Remark 2.2. The pair (mg, m3;mi,) uniquely determines (M, M) € Mg, 0, 0..)-
Remark 2.3. The point = p is in Py if and only if y(p) = 1.

Remark 2.4. Our calculation of Section 4 leads to 6 = 1/4 — ¢ for any 0 < & < 1/4,
whose numerical value is caused by a technical reason. In fact we have 6 = 1 in Theorem
2.3, [40, Theorem 2.1].

The solution in Theorem 2.1 labelled with (M°, M) may be written as y(x, M°, M?').
Let us denote by the same symbol y(z, M°, M') the analytic continuation to the sectors
0 < |¢p — 7| < /2. Note that €2, and €2, are determined by A,, which does not depend
on MY M, and satisfy Qap(¢d+ 7) = Qap(0).

Theorem 2.2. Write M° = (mf;) = S5 MPS; and M = (m);) = Sy ' M'S,. Sup-
pose that mi,miyml, # 0 (respectively, mi,mlymd, # 0). Then, for /2 < ¢ < 7
(respectively, m < ¢ < 37/2), y(x) = y(x, M°, M) admits an elliptic representation of

the form
Y E L 402 (0 )2+ Ae); AV,

y(z) —1
as © = €t — oo through S(¢,te, ko, 00), where the phase shift is given by
—1 y Qa 2a
CYZO = E (Qb log(m%m;l) -+ Qa logm¢) - (7 + Qb> (900 + 1) — 7

1 A
i <Qb log (e (1%l ) 1) + Q, log ﬁwoo) 0y~ Oy mod 20,7 + 2007
e

with Wy, = e™</2(119,) "1 if 1/2 < ¢ < 7, and = e ™=/2nl, if 1 < ¢ < 37/2, and

ﬁ/'l¢ —e Wz@w/2m¢0

Remark 2.5. Let 0 < |¢p —2pm| < w/2 0r 0 < |p —2pm — 7| < 7/2 with p € Z \ {0}.
Set

My = ((my)i;) = U, ' MU, M, = ((my,)i;) = U, ' MU,
My = ((m9);;) = U, ' M°U,, M, = ((my)y) = U, " M'U,,
where
355 -+ SapSapi1, it p >0,
Up=11, if p=0, U, =U,Sopta for p € Z.

STSet 858 S5 ke, if p <0,

Since Spyo = =38, e~im0=03 for k€ 7 [5, (2.5)], we have U, = (M M?)Pe Tpos,
Then y(My, M;;x) admits an elliptic representation as of Theorem 2.1 or 2.2 with the
following substitutions in the phase shift (see Section 6.2):

(1) for 0 < |¢ — 2pm| < m/2, mymiy — (m)a1(my)12, My — MG =My
Theorem 2.1; and

(2) for 0 < |6 — 2pm — 7] < 7/2, (Mdyndy) " > (RO a(iid)ar) ™, fhy — 5 =

1 n
m11 H(mp )11

v

my

10 (70 Yo in Theorem 2.2.
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2.2. Error term A(z). The elliptic expression above apparently contains the single
integration constant xy, and the other one is hidden in the error term A(z) < 779, Let
us define necessary functions and constants to express A(x).

For y(z) = y(z, M°, M) of Theorem 2.1, let b(x) be such that

By(t b
CL¢=A¢+#:A¢+%

which is related to y(z) via (3.10), (7.5) with y* = v/(¢). Set
Yolr) = Af*sn((w — 20) /2% AL),

with © = €%, i.e. b(e®t) = e?By(t),

2Ea 8V /1
bol@) = o — = = 9_5(29 (2= x(])’TO)’
0 3 -
n= gt == (og(myymly) + milfe + 1)),

where

Wz, 1) = Z eriTn? Hamizn Im7 >0
nez

with ¥(z,7) = (d/dz)¥(z,7) is the J-function (cf. Section 5.2). Then y(x) solves
20 = w(Ap, o) = /(1 —93)(As — ¥2), and by(z) fulfills by(x) — b(x) = bo(e'’t) —
e?By(t) < t7° in S(¢, oo, ko, do) (Proposition 5.6 and Corollary 6.1). Furthermore as
in Section 7, by(z) = 2(vo(x)? — Ay) + 4} (z). Write

S(¢v too, Ko, 50) = S(¢> too, Ko, 50) \ U {|$ o P’ < 50}7

peEQ

Q = {p| sn((p — z0)/2 AY*) = £A,'?, £1}.
For 0 = ¢"t, € Q let (o) be the line defined by z = ¢®(Ret, + in) with n > Imt, if
Imt, > 0 (respectively, n < Imt, if Imt, < 0); and, if necessary, modify /(c) not to
touch other circles |z — 0’| = 0y with 0’ € PoU Q\ {o}. Then Seu (9, too, Ko, do) denote

S(¢,tes, Ko, 0g) equipped with the cuts along I(o) or its modification for all o € Q.
For A(z) and b(z) — by(z) we have the following [40, Theorems 2.2 and 2.3].

Theorem 2.3. The error term A(x) = h(x)/2 is explicitly represented by

h(iL‘) _ _2((‘90 — 01)2 + Hgo)xfl o /

xFl(%’ 50)% - §/I F1(¢0>50)2§ +0(z7?),

A¢ -1 [ § 2 o 52
ith
wit Fi(do.by) = 4(0o + 01)o(§) — bo(&)
BT 0 (A — o(€)2)
Here

/ Fl(w07 bO)% < x_la / Fl(w07 b0)2§ < x_l

as & — 00 through Seu (P, too, Ko, 0). Furthermore,
zh(z) = ho8 4 hi(x)Bo + ha(z) + O(z71),
where hg = (1/8) A1 (1 — Ay) ™", hy(x) < a7 and hy(x) < 27
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Theorem 2.4. We have

b(x) — bo(z) =by(z)h(z)
2 24\ .—1 ; 2 XS o
— (8 =0+ 0207 = [ (Ao = )R b + O,

in which by(x) = 4y — 2(As — Y2), and

: d
| o= iR b <o

o0

as x — 0o through Scut(qb, too, K0,00), and b(x) — bo(x) < 271 in S(P, too, Ko, do)-

By Theorem 2.3 we also have
y(r) +1

y(e) =1

in S(¢, too, Ko, 0) [40, Theorem 2.1].

= A;/zsn((:v — x9)/2; A;/Q) +O0(x7)

3. BASIC FACTS

3.1. Parametrisation of y(x) by the monodromy data. Note that
(31) MIMO — 51—16—71'729000352—1

[5, (2.8), (2.13)]. For the monodromy matrices M = (my;), M* = (mj;), let M, 5 5 |
be the algebraic variety consisting of (M° M?') € SLy(C)? such that

(32) tr M° = 2cosnwl,, trM!' = 2cosmb,

3.2 A
(M'M®)1y = myymS; + migm§, = e ™=,

which is called the manifold of monodromy data in [5]. Then dimc Migeor0.) = 3
Our monodromy manifold Mg, 6, ¢..) defined in Section 2 is written as Mg, 9,.6..) =
Migo.61.0.)/ ~- For do € C\ {0}, the gauge transformation = = d3*= changes (1.1) with
(y,3,u) to an isomonodromy system with (y, 3, dy 2u), and the monodromy matrices for
the canonical solution Z(€) become dy“* M°dJ*, dy 7 M'dS*. By this fact combined with
the surjectivity of the Riemann-Hilbert correspondence [5, §§3, 4, 5], [2, 3, 4, 7, 34], and
the uniqueness [5, Propositions 2.1 and 2.2] (see also Proposition 3.2, [12, Proposition
5.9 and Theorem 5.5], [13]) we have the following.

Proposition 3.1. Let Y(Py) be the family of solutions of (Pv), and let ¢ : Y(Py) —
M 9y.0:,0.0) be such that y — (M°, M) if (y,3,u) governs the isomonodromy deformation
of (1.1) with monodromy data (M°, M*). Then we have the canonical bijection

¢ Y(Pv)\ Yo(Pv) = Mg01.0.) \ Mo,
where Mo = {(M°, M") € M, 0.0.)| M®==£1 or M' = I}, Yo(Pv) = ¢ (My).

Thus the solutions in Y(Py) \ Yo(Py) are parametrised by (M M) € Mg, 0,0.) \
My, essentially two parameters.
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Remark 3.1. If 6y € Z or 0, € 7Z, then there exists a one-parameter family of classical
solutions corresponding to MY = I or M! = I, which is represented by the Whittaker
function. In particular, if 6y = 0 and 3 = 0, then A in (1.1) vanishes and (Py) admits
a family of solutions solving

Py Ly = Doy — 1)~ iy + 1)
[5, Remark 2.1].

3.2. Symmetric linear system. To consider y(z) € Y (Py) along a ray argxz = ¢ with
|¢| < m/2, and to convert (1.1) to a symmetric form, set
(3.3) r=e%, t>0, E=(eA+1)/2.
Then by the gauge transformation Y = exp(—w(t, ¢)o3)= with w(t,¢) = eit/4 +
(0 /2)(i¢ + log 2) system (1.1) is taken to
dY
3.4 — =tB(t,\)Y
(3.4 501,
with B(t, \) = 07%/%(b3o3 + byao + byoy)a~73/2. Here 1 = uexp(—2w(t, ¢)) and

1 CLll all

by = ba(£.\) = — fl( 0_ 1.)

3 3(7 ) 4+ >\+6’¢+)\—e’¢ b

it ral2 g2l 12 — g2

3.5 by = bo(t. \) = (0 o4 ‘1)

(3:5) 2= bt =5 (g Tz )
t*l 0,12+CL21 a12+a21

b= b)) = - (B0 LT

1=bitA) 2 \ XA+ ¢ A—eit )’

ag and aij being the entries of Ag|u=1, A1|u=1, that is,

to
ag' =3+§, ay’ = —(3+ o),
3 =, 3 = —all
Oy + O Oy — 61 + 0
at' =—3— — o a12=y<3+%>,
1 Oy + 01 + 0
== =3+ 5 ), af? = —al.
Note that

, 1 . . 1 :
(N2 — e2%)by = Z(AQ — e%1P) — 2ty — 5(600/\ + (200 + 00) e )t

y(A? — ) (by 4iby) = ((y — 1) (N + €'®) — 2ey)t 715 — %(90 + 01+ 0s) (A + )
(N =€) (b — iby) = ((y = 1)(A+ €™®) +2¢)t7'3
+ (5000 = 01+ 02) A+ €) = oA — ) )17,

Let loops le, [, and a point pg in the A-plane be the images of [y, [y and pg under
(3.3). The loops Iy, [, start from py and surround A = —e™®, A = ¢, respectively; and
arg P, = m/2 (cf. Figure 3.1).
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ﬁst

/ /i R\ I
O

~

lo

O
~

FIGURE 3.1. Loops lp and [; on the A-plane

Then (3.4) admits the matrix solution Y (t, ) = exp(—w(t, ¢)o3)=(et, (e 1 +1)/2)
(cf. (2.1)) with the properties:
(i) Y(¢,\) has the asymptotic representation

(3.6) Y(t,\) = (I+0(\™Y) exp(;l(t)\ — 26 log )\)a3>

as A — oo through the sector |arg A — 7/2| < 7, the branch of log A being taken in such
a way that Im (log A\) — 7/2 as A — oo through this sector;

(i) the isomonodromy deformation yields the same monodromy data M°, M S;, S,
as in Section 2, where M? and M' are defined by Y([”)(t, A) =Y (t,\)MY for v =0,1
with Y)(¢, \) denoting the analytic continuation of Y (¢, A) along the loop I,, and Sy,
are such that Yiq(t, \) = Yi(¢, \) Sk with Yy (¢, ) (Ya(t,\) = Y (¢, A)) having the same
asymptotic representation as (3.6) in the sector |arg A — /2 — (k — 2)7| < 7;

(iii) system (3.4) has the isomonodromy property if and only if (y,3,4) with @ =
uexp(—2w(t, ¢)) satisfies

(y—1)
2

ty: = €ty — 23(y — 1)* - (160 — 01+ 6:)y — (30 + 01 + 0)),

1 1
(3 +90)(3+ 5(904-91 +9<>o)>,

1
(3.7) t3t = Y3 (5 +5(0 =0+ 9oo)> ~y

ti; 1 1/, 1
== -3 —<90+y<3+§(00 _p, +900)) +§(3+§(90+91 +900))

(y+ = dy/dt), and then y(e*°t) is parametrised by (M°, M') € Mg, .0, .0..)-

Remark 3.2. In what follows we denote y(e*t) by y(t) for brevity, and set

— eyt 1 6o + 6
oy gt 0
20y —1)> 4 2(y — 1)
which is the first equation of (3.7).

(0o — 61 +0) +

Remark 3.3. Let s be a substitution given by € — —e®, y +— y=1, (6p,01) — (61, 0).
It is easy to see that s(3) = —3 — (0o + 01 + 0 )/2. Then system (3.4) is invariant under
the extension of s: (s,Y s y73/2Y).

The uniqueness of the Riemann-Hilbert correspondence for system (3.4) will be used
in the justification procedure in Section 6.
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Proposition 3.2. If M° # I and M' # I, a canonical solution Ys(t,\) of (3.4)

corresponding to (M°, M) is uniquely determined.

Proof. Let Y3()\) and Y3()\) be canonical solutions defining (M°, M'). Suppose that
Y5()) and Y5()\) admit the same asymptotic representation (3.6) as A — oo in the sector
larg A — 7/2| < 7, and set, around A\ = —¢%, ie., A\_ 1= A\ +¢!® = 0,

Ya(A) = Go(I + O AP0, Yy(A) = Go(I + O(A)AD/D7+EE,,

where Gy, Go, Cy, Co € SLy(C) and L = (I;) and L = (I;;) are upper-triangular
(respectively, lower-triangular) matrices with vanishing diagonal entries. Then we have
MO = Cjlemifoos2mil g = (Cflemifors 2wl and hence M® # +I implies either of
the cases: (i) g ¢ Z and L = L = 0; (ii) 6y € Zso and liolys # 0 (respectively,
0y € Z<o and Iy ly # 0). The relation (CoCyt)Le™0os2mL ot = mifors ¢2mil Jeads
to CoCy ! = diag[a, '] or diag[o, o]+ L, with some o # 0 and some upper-triangular

(respectively, lower-triangular) matrix L, with vanishing diagonal entries. By this fact
}/'2()\){/2()071 _ GO([ + O()\f)))\(_90/2)03€2mLCOC~Yal672ﬂi[~/)\:(90/2)03 (I i ()\,))éal

is holomorphic around A = —¢*. Similarly Y5(\)Y2(A)~! is also holomorphic around
A = € if M # 4. Observing that Y5(A\)Ya(A\)™' = I+ O(A™") as A — oo through
|arg A\ — 7/2| < m, we conclude Y3(\) = Y5()\) by the Phragmén-Lindelof reasoning. [

3.3. Characteristic roots, turning points and Stokes curves. In the remaining
part of this section, Sections 4 and 5 we are concerned with the direct monodromy
problem for system (3.4), that is, calculation of the monodromy. Then y, 3 and u may
be treated as arbitrary complex parameters. It is also possible, in place of 3, to choose
y* = y; related to 3 via (3.8), and then let us suppose that y, y* and w are arbitrary
complex parameters.

To calculate the monodromy data for system (3.4) we need to know the characteristic
roots of B(t, \) and their turning points. The characteristic roots £u = £u(t, ) are
given by

p? = —det B(t,\) = b2 + (—iby + by)(iby + by) = b3 + b3 + b3.
Using (3.8), we obtain

) 1 ) )
(3.9) 4(e* — 2P = Z—l(em’ — M) (e*ay — N + 40t )
+2(07 — 03)e™t 2\ + 2(03 + 607)e* 2,
where as = a,(t) is given by

4(e729(y*)? — y?) » y+1
4e~i
y(y_1)2 + 4e (90+01)y_1

oy —1
4ezed T2 (001 + Oo)™y — (0 — 01 — 00) ")t .

(3.10) ag =1— t1

By (3.9), as long as y # 0,1, 00 and y* # oo, the turning points, that is, the zeros of p
are given by the following.
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Proposition 3.3. For each t, let the square roots of ay = a,(t) be denoted by ia;ﬂ,

where Rea;b/2 > 0 and Ima;j/2 > 0 if Rea}/2 = 0. Then, for |¢| < 7/2, the turning
points are

M) = ea)® + 20,671 + O(t72), Aao(t) = —€%ay? + 20,71 + O(t72),
M) = e+ 0(t?), M) = =+ 0(t™?)

as t — oo, and these are simple. Furthermore
s =A== A — A
16(A — €)2(\ + €'9)? '
Remark 3.4. For a solution y(t) of (Py), let us consider a4(t) with (y, y*) = (y(¢), y:(¢)).
On the positive real axis all the solutions corresponding to the monodromy data such

that m® my,m},ml, # 0 are given by [5, Theorems 3.1 and 4.1]. By using the expres-
sions of these solutions it is easy to verify ag(t) (= ay(t)|p=0) K t7° as t — oo (for
solutions of [5, Theorem 4.1], as ¢ — oo along a suitable path avoiding poles). Then
Reagy(t)/? < [t7¢| + o(1) uniformly in ¢ for sufficiently small |¢|, which implies that, as
long as m9;m9,mi;mi, # 0, every corresponding solution fulfills 0 < Rea,(t)/? < 1 if
|¢| is sufficiently small. On the other hand, for a general solution in [38, Theorem 2.18§]
along the imaginary axis, a;2(t) =1+ O(t™°).

Remark 3.5. To the monodromy data such that m? m$,m};ml, = 0 correspond trun-
cated solutions in sectors containing the positive real axis [2], [4]. Let us consider a,(t)
with (y,y*) = (y(t),y:(t)). Then we have a,(t) < t~! for ¢ in some intervals containing
¢ = 0. In the case m}, = 0 the solution y(z) ~ —1 4 cx™/2®/2 in 0 < argx < 7 [4,
Proposition 5], [5, Corollary 5.2] satisfies a,(t) < ¢t~ for 0 < ¢ < 7. If m{; = my;, =0,
then y(x) ~ =1 +4(6p + 6, — 1)z~! in |argz| < 7 [4, Proposition 2], [5, Corollary 5.3]
satisfies ay(t) < t72 for |¢| < m. For mj, = 0 or m3; = 0, truncated solutions such that
ag(t) < t7! for |p| < 7/2 are given by [2].

By (3.9) the characteristic root p = pu(t, A) is written in the form

1 [e?%a, — \? O At 1
3.11 =/ — = t, A2
( ) K 4 e2ip _ )2 - 2\/(621@5 _ /\2)(62“?5% _ /\2) +g2( ’ )

as t — oo. Here go(t, ) has branch points at )\(1)72, A12, e and j:ewa;ﬂ, but it fulfills
G2 (t, ) < 1if |A2 — e??ay)| ! +|\2 — e*?|~! <« 1. The algebraic function u(t, \) is given
on the Riemann surface consisting of two copies of A-plane P, and P_ glued along the
cuts [A1, AV, [AY, Ao] (cf. Figure 3.2, (a)). In (3.11), each square root is fixed in such a

way that
e?%q, — \? _ : :
Vo =t e e e

as A — oo on P,. Then, for a;/Q as in Proposition 3.3, a;I/Z\/(e%‘b% — A\2)/(e%9 — \2),
e_%‘i’a(;l/2 V(€¥Pay, — N?)(e?® — \2) — 1 as A — 0 on P,.
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A Stokes curve is defined by

A
Re/ w(t, 7)dr =0,

where )\, is a turning point [11]. This curve connects ), to another turning point, +e®
or co. The Stokes graph consists of Stokes curves, turning points and singular points.

Our WKB analysis will be carried out under the supposition a,(t) — Ay as t — oo
(cf. (4.3)), where A, is a unique solution of the Boutroux equations (2.3). Suppose
that 0 < |¢| < m/2. Let us consider the limit Stokes graph for ¢ = oo, in which the
limit turning points A; 2(c0) are also denoted by the same symbols Ay o as for ¢ # oo.
Set PS° U P = lim;_.o, Py UP_, which is a two-sheeted Riemann surface glued along
the cuts [—e™®, \o], [A1, €] with A 2 = A\j 2(c0) = iei‘ﬁz‘l;}/2 and A ,(c0) = +e. As
long as the turning points do not coalesce, the limit Stokes curve for t = oo reflects
the Boutroux equations. Then this limit Stokes graph on P%° is considered to be as in
Figure 3.2 (b), (c) (cf. Proposition 8.17), in which, if 0 < ¢ < 7/2, the limit Stokes
curves connect \; to e, \y and ioco, and Ay to —e*® \; and —ioo.

Mo —i®
Y )\0
z¢ —ei®

()P‘la)‘] [)‘2»)\2] b) —m/2<¢ <0 c)0<p<m/2

FIGURE 3.2. Cuts on P, and the limit Stokes graph on P

An unbounded domain D C P UP is called a canonical domain if, for each A € D,

there exist contours C4(A) C D ending at A such that

A A
(3.12) Re/ pu(r)dr — —oo <respectively, Re/ u(7’)d7’—>+oo>

At

as A_ — oo along C_(\) (respectively, as Ay — oo along C,(\)) (see [11], [12, p. 242]).
The interior of a canonical domain contains exactly one Stokes curve, and its boundary
consists of Stokes curves.

3.4. WKB-solution. The following is a WKB-solution of (3.4) in a canonical domain.

Proposition 3.4. In the canonical domain whose interior contains a Stokes curve
issuing from the turning point Ay or A, system (3.4) with & = 1 admits a solution
expressed by

Twre(A) =TI+ O(t%)) exp (//\ A(T)dT)
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outside suitable neighbourhoods of zeros and poles of by £iby as long as | AE£e?| > 7220,
A= X| > 23R (, = 1,2), 0 < § < 1 being arbitrary. Here \, is a base point near
A1 or Ay, and A(T) and T are given by
bs —
AN) = tuos — diagT™'Ty, T = 14— by by + ibs
by — ibo

Remark 3.6. In this proposition
1
211 + b3)

1 b3 8 b1 + ZbQ 1 8 1%
== 1——)—1 - ——1 I.
4( ) ox B i T 20x B b

diagT~'Ty = (i(b1by — Vybo)as + (bap' — bip)I) (b, = 9b,/ON)

Proof. By Y = TY system (3.4) with & = 1 becomes
(3.13) Y\ = (tpos — T TY)Y.

To remove the off-diagonal part R =TT\ — diagT ~'T) set

)

which fulfills [tucs, T1] = R. Now we would like to find X such that the transformation

Y =(+T))(I+ X)Z takes (3.13) to
Zy = NZ = (tpos — diagT 1)) Z,
that is,
(T +X)+ T +T) X0+ T+ T+ X)A = (A= R)IT+Th)(I + X).
It follows that
(3.14) Xy=[AX]+{T+T) QI + X)

with Q = —(T1)s — R(I + T0) + [A, 1] = —(T\)x — T'TT, + TydiagT—Ty. Then ||Q|
is estimated as follows:

(1) Near A = Fe', we have bs, |by £ ibo| < | £ |71 |byby — biba| < [N £ €772,
po=< | £ e?|7Y2 and hence |R|| < |A £ €|t < p?, ||diagT 'Th|| < |A + €7,
Ty < t7HA £ e|7Y2 and ||Q| < t71A £ €| 73/2,

(2) Near A = ), (v = 1,2) we have by, [bib, — biby| < 1, =< |A — A\JY2, and
hence ||R|| < |A — A\ J7Y, |diagT'Th|| < A = A7Y ITal < t7HA — A7, and
QI <t~ A = A2,

(3) Near A = oo, observe that 1 = 1/44+O(A™') on P° and by = 1/4+O(A™'). Then
+(bs — ) /(b1 £ iba) = —(by F iba)/(u + b3) < A7, which means T'= I + O(A™!). Tt is
easy to see that [|71]] < t7'A72, |Q]| < t7'A7® near A = oo on P¥. Near co on P>,
|71 < 72275 |QI < t7A72, since p + 1/4 < t7IA7L
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The o3-component of diag? T} is D3(A) = (1 — bs/p)(log((by + iba) /(b1 — iba))) a0
(cf. Remark 3.6), which satisfies || D3()\)|| < |X F €|~/2 near A = +e'; < |A — \,|71/2
near A = \,; and < \72 near A = oo.

Every solution of the integral equation

X(\) = /C . exp /5 A(T)dr ) (I + T1(€) " QO + X () exp - /é A(7)dr ) dg
:/ e(tM(A,g)*J()\yf))US([+T1<§))*1Q(£>([_|_X(f))ef(tM()\’f)*J(A:Q)Usdf
cN)

with
A A
M6 = [ utridr g6 = [ Dutriar
£ 3

solves (3.14), where the set of contours C(A) ending in A is chosen in such a way that
for (1,2)- (respectively, (2,1)-) entry is C_(\) (respectively, C. (X)) (cf. (3.12)), and that
those for (1,1)- and (2,2)-entries are paths joining A, to A. In the canonical domain
J(), €) is bounded uniformly as long as A and £ are outside neighbourhoods of £¢% and
M. In the canonical domain, as long as |\ 4= €| > 72079 |\ — )\ | > ¢~ /D=0 e
have ||T}|| < t7°, and

X[ < QI <t (A £ T2+ A= M2 A= 272 1) < £,
which implies the proposition (cf. the proof of [12, Theorem 7.2]). U

3.5. Local solutions around turning points. For ¢ = 1 or 2, if [\ — \,| < t7%/3, the
WKB-solution given above fails in expressing the asymptotic behaviour. Consider the

system

aw 01

which admits canonical matrix solutions W, (¢) (v = 0,4+1,£2,...) such that
Wo(Q) = U7 (o + o) (I + O(C)) exp (3¢ 20)

as ¢ — oo through the sector ¥, : |arg( — (2v — 1)7/3| < 27/3, and that W,,,({) =
W, (¢)G, with
1 — 1 0
G = (O 1 ) , Ga= (—i 1) ; Gy =01Gyoy.

Wa(e) = (BB;@ A(Q) ) |

ic(€)  Aig(C)
where Ai(¢) and Bi(¢) are the Airy functions [1, 10] such that Ai(¢) ~ (~/* exp(—2¢%/?)
as ( — oo in |arg (| < 7 and that Bi(¢) = w™/*Ai(w™!¢) with w = €*™/3. Then we have
the following local solution around each turning point.

In particular
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Proposition 3.5. For each turning point \, (v = 1,2) write ¢ = bg(\,), ¢, = (bg)r(\,)
(k=1,2,3), and suppose that cy, ¢, are bounded and ¢y £ ico # 0. Let W(() be a given
matriz solution of (3.15), and let \—\, = (2k)™Y/3t72/3((4-(o) with k = ¢1¢}+cach+csch,
|Co| < t=1/3. Then system (3.4) with @ = 1 admits a matriz solution given by

C3

1 — -
d,(\) =T,(I+0t™)) (é tﬂ) W), T.= cs “a 1+ "

C1 — iCQ
with t = 2(2k)7Y3(c; — ic)t'/? as long as |¢| < /373, that is, |N — | < t71/379/3,
0 < ¢ <1 being arbitrary.

Proof. Since p? = b3 + b3 + b3, we have ¢} + 3 + ¢ = u(\,)? = 0. Write B(t,\) =
By(t) + Bi(t, A) with

Bo(t)zB(t,)\L):< s cl—z@), Bl(t’A):< 23 51—2'52)’

c1 + 1co —C3 (51 + 2(52 —53

where 0, = by — ¢, (k= 1,2,3). Set n = A — \,. Observing that d;, = ijl cr.;n’ with
Ck1 = ¢, and that

_ 0 2(61 — iCQ)
T lB t TL — I
L 0( ) (0 0 )

T'B,(t, )T, = icy ' (c261 — ¢169) (c1 +ico) " (c161 4 cada — c303)
Lo (e1r —ie2) M (er1d1 + €20 + 303) —icy (261 — €169) ’

we have

4 (0 fm) g
OB = (0 0) " (h(n) —f(n)) "

where f(n), g(n) and h(n) are analytic around n = 0 and
% =2(c1 —ica),  f(0) =icz(chea — erch),
9(0) = (c1 +ica) "H(erd) + cady — escy),  h(0) = (1 —ico) ™ (c1€] + cach + cach).

Note that

(mn 0+ g(nn - 0 7
((n)n o )(I+H(77))—(I+H(77))< )

in which H(n) = L(n)n with

(i) 0 0
Ho = (l* (n) —l 77)> 2% +g 1 ( 2/ (n) O> +g(n)03>7
)(1

U _ ) + o).
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Y = T.(I+H®n)Z =TI+ Lin)n)Z, L(0) = (Y‘i _0q>

system (3.4) is changed into

A
2 tB,(t,n)Z,
an B,(t,n)

B.(t,n) = <h*£7)77 if) — (I + L(n)n) " (L(n)n)’

0 2(c1 —icy) —q 0\ ,1 .. ,
— | + S By,
<H(Cl — ica)"'nho(n) 0 ) (—p q 2.5

j>1
where ho(n) = h.(n)h(0)™' = 1+nhi(n) = 14+ 0(n). Let p(€) be such that ¢(0) = 1 and

that ©(§)ho(§p(€))((£2(£)))? = w(E)ho(€p(£))(w(€) + £ (§))? = 1. Then the change of
variables n = £p(€) takes this system to

with

. B 0 2(c1 —ic2)(Ep(§))
Buolt,€) = <f~e(cl —icy) M Ep(E)ho(Ep(§)) (Ep(€)) 0 )

0 2(cr —ica) (§p(§))
k(e —icy) T/ (Ep(€)) 0 '

Apply the additional transformation Z = diag[1,1/(£p(€))']V, and set £ = n+ O(n?) =
Bz with § = (2k)"Y/3t7%/3 and t = 2(c; — icy)Bt < tY/3. Then

dz —q3 -
(3.16) E = <<£_1Z 8 qﬂ) + O(t 4z))Z

2/3

as long as |z| < t7*/°z is sufficiently small. The further change of variables

1 o\[(1 0 ) )
Z:<O 51) (W 1>V’ (=2=G G=pst-—gp <t

yields

(3.17) % = ((2 é) +A<t,<)> Vo A Q) <[]+ 1)),

Suppose that V' = P(t, ()W reduces (3.17) to (3.15). Then P = P(t,() satisfies

(3.18) ‘fl—lg _ (2 é) pop <2 é) +ALOP.
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Note that, in each sector ¥, (v = 0,+1), the function P,(¢) = I + X, ({) such that

(3.19) X (€) = ", W (OW (&) AL T + X (€)W ()W, ()" dg

solves (3.18) in X,. Here C,(¢) is a set of contours (() ending at ¢ for each term of
the integrand chosen according to the multiplier g(&, ¢) caused by W, (O)W,(£)~!, which
belongs to Go U G, UG_ up to (1+ O(|¢|%/2 + |£]7%/2)), where

Go= {1, &2, ¢F12 (€02, (¢/OF 7}, Ga = {pexp(£5(¢*2 = €¥)) | p € Go}-

The choice of v(() is described as follows: (i) for g(§,¢) € Gp let y(¢) be a segment
joining 0 to ¢; and (ii) if, say, ¢ € ¥4, for g(§, () € G4 (respectively, € G_) choose ()
to be a line issuing from ¢ and tending to +oo (respectively, —oo). Then it is easy to see
that [ g(&,¢)d€ < ¢2. For v =0, £1, from (3.19) we derive ||X,(()]| < (PA(t, () <
[t=1¢? —I— [t=4/3¢%| < t7 as long as |¢| < t1/379/3 with 0 < & < 1, and obtain the
solutions P,(¢) = I+ X,(¢) = [+ O(t™%) of (3.18) in ¥, N {|¢| < t}/3~9/3}. It remains
to show that there exists Q(t,¢) = I+O0(t™) in |¢| < t/379/3 such that V = Q(t, ()W
reduces (3.17) to (3.15) by using P,(¢)’s. This uniform reduction is constructed by a
parallel argument as in [42, Section 6.5] in which e~%3z, diag[1,e 1/%]2, ¥; and “ ~ 17
correspond to our ¢, W, ¥; ; and “ = I +O(t™")”, respectively. Thus, for given W ((),
we obtain a solution as in the proposition. Il

Remark 3.7. (1) Let E(t) := {¢] |¢| < t'/379/3 |exp(£2¢3/?)| < 1}. For every
9(&,¢) € Gy UG, UG_, we also have fo (¢,¢)d¢ < ¢* uniformly in E(t). Thus we
may easily derive a solution of Proposition 3.5 in E(¢ ) without using the reasoning of
[42]. Since E(t) contains all Stokes curves ¢ = res@*=Di k= 0,41, r > 0, this solution
restricted to E(t) is enough for our use, in which matchmgs are along Stokes curves.
(2) In the proof above, without the change of variables n = £p(&), we have A(t, () <
(|t=2/3¢C%| + |t71¢| + |t=*3|) caused by the % term of h.(n), and the estimates in the
proposition are |¢| < t/67%/6 and |\ — \,| < t~1/279'/6,

4. MONODROMY MATRICES

We would like to find the monodromy matrices M°, M*' with respect to the matrix
solution (3.6). Let M? and M]! be the monodromy matrices in the case where (3.6)
solves (3.4) with & = 1. Since the gauge transformation Y = 4%/2Y, reduces (3.4) to
the system with @ = 1, the monodromy matrices M, M in the case of general 4 are
given by

MO =% MG M = a7 M a7,

In this section we calculate M? and M} by using connection matrices and S}, S3 such
that
Sy = a2 S a2 Sy = a7/ 2 S8/,
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4.1. Stokes graph. Recall the Riemann surface P3°UP2 glued along the cuts [—e™) \o]
and [\, €] with Ay = ¢ei¢A;/2 for t = co. As in Figure 4.1 (a), (b), symbols are
assigned to the Stokes curves of the limit Stokes graph on P. For —m/2 < ¢ < 0,
let c3°, ¢€9°, ¢y be Stokes curves on P connecting Ay to 200, A\; to —ico, Ay to Aq,
respectively, and, for 0 < ¢ < 7/2, ¢§°, €5°, ¢y connecting A\; to ico, Ay to —ico, Az to
A1, respectively.

(a) —m/2< <0

FIGURE 4.1. Limit Stokes graph

4.2. Connection matrices. Recall the canonical solutions Y (¢, A) = Y5(¢, \) and Y3(t, \)
in the sectors |arg\ — 7/2| < 7 and |arg A — 37/2| < 7, respectively, near A = oo.
For (3.4) with & = 1, the Stokes matrix S; is given by Y3 = Y S5 (cf. (2.2)). Set
D =C\ [e", +00] with 0 < arg A < 27. Let us consider the case, say, 0 < ¢ < 7/2. For
the Stokes curve 7, := (—¢5°)UcoUcs® on P2, the projection pr(v2) to DY is a path issu-

ing from 637ri/2 /2

oo and ending in e™/?o0 as in Figure 4.2 (a). In what follows let us identify
pr(72) with ~, and denote by the same symbol. Note that Y = Y; (respectively, Y3) is an-
alytic in the domain D_(7/2) := {|arg A\ —7/2| < /4, |\ > 2025} C D° (respectively,
D_(3n/2) := {Jarg A — 37/2| < w/4, |A] > 2025} C DY), which is simply connected.
The loop Iy of Figure 3.1 with py; € D_(w/2) is decomposed into lo = 72 © 7o, where Yo
is an arc lying in {|\| > 2025} N DY issuing from D_(7/2) and ending in D_(37/2) as
in Figure 4.2 (a). The analytic continuation of Y3 along 7o results in Y;?T'®, =Y in
D_(7/2), where I'?2, € SLy(C) is a connection matrix. On the other hand the relation
Y S5 = Y3 is also written in the form Y55 = Y5 in D_(37/2), where Y denotes the
analytic continuation of Y along 7. Then the analytic continuation of both sides along
Yo yields Y053 = V120088 = V2 = V(I',)"L je., Yo = Y(T'®,)"1(83) " = Y MO in
D_(m/2), which implies

(4.1) P2 M = (S5)7

In the domain D} = C\ [—oo, —€'?] with |argA| < m, for the Stokes curve 73 =

(—¢$°) U (—cp) U & on P, considering the projection to DY issuing from /200 and
ending in e~"/?

(4.2) MTZ, = (S7) 7,

ol —

00, we analogously obtain
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Y, D_(r/2) Di(r/2) Y

(a) D° = C\ [/, +o0] (b) DY =C\ [—00, —€'?]

FIGURE 4.2. Composite loops in the case 0 < ¢ < 7/2

where ['?2, is a connection matrix such that Y"'I'Y; = Y] in D, (—n/2) = {|arg A +
m/2| < m/4, |\ > 2025} C DY. Our concern is finding the connection matrices '3,
and I',.

Let us calculate ', in the case 0 < ¢ < m/2. To discuss according to the jus-
tification scheme of Kitaev [26], suppose that as = au(t) is given by (3.10) with

(y,y*) = (y(t), y*(t)) not necessarily solving (Pvy), and that
(13) ast) = Ay + £ Bylt),  Bolt) = O(1)

for t € S.(¢, 1!
is a unique solution of the Boutroux equations (2.3), and

Ko,01) with given kg, given small §; and sufficiently large ¢/ . Here Ay

)Y o0?

Sc(@ te w0, 01) = {t| Ret > i, [Tmt] < o, [y* ()| +]y(t)[+|y(&) [ +ly(H) 17" < o'}

Let the limit Stokes graph be as in Figure 4.1 (b). In what follows we use the following
notation:

(1) for the WKB-solution of Proposition 3.4, write A(7) in the component-wise form
A(T) = As(7) + As(7) with Az(7) € Cos, Af(7) € CI,

(2) co = (c1 —ice)/c3 and dy = (dy — idy)/ds, where ¢, = bi(X2), di, = br(\y) for
kE=1,2,3.

In Propositions 3.4 and 3.5, set § = ¢ = 1/4 — ¢, 0 < € < 1/4 being arbitrary. Then
both propositions apply to the annulus

2 2<175) 7ifl(l75> 7171(176)
Ao 3780 A= <t 1273 « 7373l (t=1,2),
in the choice of which evaluation of n'/2 in, say, (b) below is also taken into account.

Remark 4.1. The annulus [¢|714/27=C/ <« |\ — )\ | < [t|7W/2T+/3 of the early
version, which is contained in A, with e = 1/36 + ¢ for 6 = ¢’ = 2/9 —=1/4—¢,is
also available in our calculation below, though the derivation of —27 %8/ , —;—‘71 + %6/ is

based on an inaccurate argument.
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In what follows we set § = 1/4 —«.

Consider the Stokes graph on the plane C \ [¢*,+0c0] containing the sector 0 <
arg A < 27, |A| > 2025. The connection matrix along 75 = (—€¢3°) U ¢y U c{° consists of
the following matrices Iy, ..., I';.

(a) Let W (\) be the WKB solution along ¢$° with a base point A; € ¢5°, |A; — A\y| =
t~1 near A\, and set Y(\) = U (A)Ty. Then we have

I, = exp(— Al A(T)dT) THI+ 0@ + A ™)) exp(3(tA — 20, log A)o3)

— G er ()T + O(t)) exp (_ I ( A S (P i(u _ 20, log )\)03))

with Cy(\;) = exp(f " As(1)dr), er(M) = exp(— Jx As(r)dr).

(b) For ¥ (A\) and ®;(\) (cf. Proposition 3.5) in the annulus A. set W (\) =
@, (M) along ¢$°. We may suppose that the curve (26)/3(A—\;) = t=2/3(C+O(t~1/3))
with A € ¢§° enters the sector ¥, : |arg ( — 7/3| < 27/3, and that ¥; does not intersect
the cut [¢®, \;]. Write K—' = 2(2x)7Y/3(d; — idy), where dj, = by(\;) as in (2). Then,
by Propositions 3.4 and 3.5,

[y =&, (\) 10 (N)

=W (é K;L /3) (I+0(t™) (_dg/(dll o —ds/ (dll + idQ))

1 (bS - M)/(b1 + ibg) 5 A
: ((M —b3)/ (b1 — iby) 1 ) (I+0(™)) eXP(AI A(T)d’]‘)
— -1 1 ds/(dy +ids) » A
=W() (Mtl/?’/(QK(dl — idy)) Mt1/3/(2Kd3)> (I+0O(t ))exp(/;\1 A(T)dT>

for A € A. N cy®, where (u — b3)/(by £ibs) = (u —d3)/(dy £ids) + O(n), n = X — Ay.
Using
(B B4 B)M2 = (2dudy + dod + dady) (y + O(P))
= (20)"20'2(1 4 O(n)) = (20)*3C2(1+ O(n)
= 2K (di — idp)t ¢ (1 + O(n)),

we have
A
I'y, = eXp</5\ A(r)dr — —C3/2 )C1/4([+O( _5)) ((1) _(zlo> .

By Remark 3.6, A3(\) = [(2x)202(14+0(n))+O(n~1?)]og and A;(N) = [—(logn),/4+
O~ 2)I for n = A — A, A € A. N ¢, Hence

Dy =(I+0(™)) eXp(— /A A(r)dr + OO?W)) (@M (é —(Zzo>
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with suitably chosen C~1 X1 = A1 — Ap. Since n'/? <« VA6 < 170 in AL,
- _ ~...(1 0
Ty = ()Y +0(°))Cs(M) ™ (0 p ) .
—do

(c) Let ®;_(\) be the solution by Proposition 3.5 near ¢, in an annulus and set
®;(A) = ®,_(N)G.. Then, by Proposition 3.5,

Ge = (I)l_()‘)_lq)l()‘) = ((I)l()\)Gl)_l(I)l(A) = G1_1 - (é ;> ‘

(d) Let ¥y (A) be the WKB solution along ¢, with the base point \| € ¢y near A,
and set ®;_(\) = U1(A\)Tq. By the same argument as in step (b), we have
F\—1/4 NG L
Fa=(G) (L +0(@°))C3(A) -1
with ¢ = X, — Ay, C5(N)) = exp fA ' As(7)dr).
(e) Let Uoa(A) be the WKB solution along ¢, with the base point A, € ¢y near Ay,
and set W1 () = Vooa(A)e. Then

A1
L= (14 0(t*)Ca(3) M Cy)ar (R, Xy exp(— [ Aalrar)
A2
with &/ (N, X)) = exp f, As(T)dr), CL(N,) = exp f)\ As(7)dT).
(f) Let ®5(\) be the solution by Proposition 3.5 along ¢, near Az, and set Wo5(\) =
Oy (A)Is. Then

T = (G)"(I +0(*)C5(Xy) ™! (1 " > :
0 —cg
where (5 < X, — Ao and ¢ = bg(A2).
(g) Let ®5_(\) be the solution by Proposition 3.5 near ¢5° in the annulus A, around
Az, and set ®y(N) = Py (A)Gy. Then

1 0
Gy = P2 (A) 7' @2(N) = (22(N)G ') ' @2(N) = Gy = (—i 1) :
(h) For the WKB-solution W, ()) along ¢5° set ®,_(\) = W (AT, for A € A, N EP.
Then

Ty = (&) 74T + O(t%))C3(Ny) (1 0_1>

0 —c;
with & = N, — A, 03(5\)—exp<f)\2/\3 dT)
(i) Set W (A) = Ya(t, A)T5. Then
[ = C5(No) "' (N (T + O(t™))

A 1
X exp( lim (/ As(7)dT — Z(M — 20 log )\)O’g))
A2

A—00
Agese
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with é7(N,) = exp (f;\o,o A](T)dT).
2
Then, collecting the matrices above and using a symmetric property about the scalar

part, we have

Iy = NGl La Gl Ty

oy (s %) (9 2)
exp( o) (; _351) (g) ) (; _ZO) ——

o t_5 ejz—Jo—J1 —id0€j2_J0+J1
= ( + ( )) 2'06167‘]}7]07‘]1 eJlsz(eJo + cald()ef]o)

Here

A
1
J; = lim (/ Ag(r)dr = (1A = 200 log A)ag) (j=1,2),
>\.

A—00
Aecs? J

. A 1 A1

J2 :)\hm (/ Ag(T)dT - Z(t)\ - 2600 log )\)03), JO = J2 - J1 = / Ag(T)dT.
)\E_é(;.g A2 A2

The matrix I'%, is calculated by using the same Stokes graph of Figure 4.1 (b) on the
plane DY = C\ [—o00, —e™®] containing the sector —m < arg A < m, |A| > 2025. Note that,
in this case, the curve €3° C DY tends to e~™/200, and denote it by é5°. The calculation
of T, begins with setting Y;(\) = U* (M\)I*, where U*_()\) is the WKB solution along
¢ tending to e ™/200. Note that W*_(\) has the same asymptotic form as of W ().
Repeating step by step matchings along v, = (—c$°) U ¢ U €52, we have

0%, = (14 0)) explies) (; _2) (; _1) (é _(;)
x exp(Jyo3) (é —(c)al> (1 (1]) ((1) —Oco> exp(—J303)

= (I +0(t™%)) (eh—jg(ejo + ¢y doe™™) idoeh_wﬁ)

_Z'Caleﬂfoﬂhfj; ej;—Jole

with

A—00
A€ess

A
. 1
Ji = lim ( / Ag(r)dr — £ (th = 26 log )\)03>.
A2
Thus we have I'%, and ', for 0 < ¢ < 7/2. In the case —7/2 < ¢ < 0, using the
Stokes graph of Figure 4.1 (a), we have similarly
eli=0 (M0 4 ¢ dge™"0)  —idge”> Tt
_JQ—Jo—jik €J2—J0_ji* )

%= +0(t™) (

1
icy e
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€J2—J0—j1 idoe_J0+J2+j1

°°1 o (] - O( )) _icale—Jz—Jo—j1 e—J2+j1 (efo 4 caldoe—fo> ’

where

. A 1
J; = lim (/ Ag(7)dr — Z(t)\ — 20 log )\)03>,
A

A—00
Aeege 1

N A 1
¥ = lim (/ Ag(r)dr — £ (th = 26 log )\)03)
A1

A—=00
Aees

with a curve €52 tending to /%00

Let M° = (m Z]) and M' = (m Zj), and suppose that 0 < ¢ < 7/2. The relations
S M = (85)71, MIT%, = (S7)7! yield

Jo—Jo—J1,. 0

- —Jo+J
myq — zdoe 0T

e am3, =1,

=1 —Ja—Jo—J J\ —1 7 —Jo\,—Ja+J

icy e~ 2l 4 (e + ey tdpe0)em 2 iamy, = 0,
idoe”2 Tl 4 ea 0Ny T iml, = 0,

— — J— /\* . — — A*_ J— A —
(e’ + cgtdoe™ ) e 2t imi, —idcyte 2T g i, = 1

up to the factor 1+ O(¢t7?), from which it follows that

A0 =1 —Jo—Jo—J1 0 _ _Ji—Jay,Jo -1;7 —Jo
tmey, = —icy € , my=e (€7 + ¢ doe™"?),
~ . _ T N T

U lmb = —idge ot itz mh = e~ o=tz

Therefore entries of MY and M" satisfy
0,1
mdm
—(1)1 L= —(1+cody'e®™), mf, =e”’ (1+C Ydge270).
Mgy

Note that m? ml, + m3,ml, = e7™= by (3.2). From the first equation we have

e™0omY ml, = —cy tdoe (1 + O(t™?)),
and from the second equation

iy _ B0 mi (1+0(t™)) )
1+ ¢y tdge=2%0 1 —mgymiy(miymiy +myymiy)~t  e™Pomy,

In the case —7/2 < ¢ < 0, we have

(e” + cgtdoe™ ") e T72m0 | —idye’t =2 am, = 1,

icale*jf*JO*JQ J —Jo+J2

0
my, +e amy, =0,

—jl—JO—J2 ~—1

—Ji—Jo+J2 i mb -1
)

1 - —1

idoe” ™ 2ml + (e + cglaloe_‘]o)e‘]1 247 mi, = 0
yielding

A~ 0 L 1 —Jr—Jo—Jo 0 _ —Jr—Jo+J2
Um21 — _ZCO (& 1 9 mll =€ 1 9
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0 myy = —idoe T2 my = (e + g tdoe )t T,

from which we derive the first equality of the case above and m?, = e”>=2(1 + O(t~?)).
Then, for 0 < |¢| < 7/2,

my = (1+O(t0))e” ",
(4.4) 0

1
URSRUSY

01 o = " mymiy = —(1+ O(t™°))¢y ' doe® "
My My + My My

with my as in Theorem 2.1. Here the contour of the integral J, — .J, on C \ [¢*, +oc]
corresponds to the cycle b as in Section 5.1.
5. ASYMPTOTICS OF MONODROMY DATA

To calculate the integrals .J; » and jg we make a further change of variables

(5.1) A= \(2) = ez
Proposition 5.1. By (5.1), the turning points \i(t), Aa(t), A)(¢), A(t) are mapped
to
_ 12 —id -1 -2 12 —id -1 -2
21(t) = ay” + 270t +O(t7), 2(t) = —ay” +2e "0t +O(t77),
() =1+0(t7?), 2(t) = -1+ 0(t7?),
respectively.

By (5.1) the characteristic root (3.11) becomes

1 Jay—22 e 0.2 , B
(5.2) p=pe) =\ Tt gt Rt )

where

w=w(z) = wlag,z) = /(1 - 22)(ag — 22)
and go(t,2) < 1if |22 — 1|71 +|2% — ay|™' < 1. The image of P = P, U P_ under
the map (5.1) is given by II* = II{ U II* with II} = z(Py) glued along the cuts
[29(1), 22(t)] and [21(t), 2}(t)], P being defined in Subsection 3.3. Then p = pu(z) is
an algebraic function on IT*. The elliptic curve defined by w(z) is given by the two-

1/2]’ [ 1/2 1]

sheeted Riemann surface II,, =TI,  UII glued along the cuts [—1, —a 4 ag’,

ag,—
satisfying zo 1(t) = :Fa;/z +O(t™), 29 ,(t) = F1 4 O(t™?). Each square root in (5.2)
is such that \/(agy — 22)/(1 —22) — 1, z72w(z) — —1 as z — oo on Il,, 4, and then
a;/Q\/(% —22)/(1 = 22), a;l/Qw(z) — lasz— 0onll,, ;. The elliptic curve I, =
Iy UTIZ of Section 2 is the image of P U P> = lim;_,., P, UP_ under the map (5.1).

Recall the cycles a and b on 114, descried in Figure 2.2. We remark that a and b

may also be regarded as those on Il,, as in Figure 5.1, if ¢ is sufficiently large and if the

distance between aUb and {£1} U {:I:a;ﬂ} is > 1. We use the same symbols a and b

as in Figure 2.2, provided that A(lb/ = limy_ne ai)/ ?(t), which will not cause confusions.
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1/2
ot/

FIGURE 5.1. Cycles a, b on I,

5.1. Expressions in terms of elliptic integrals. Let J/ and jﬂ be such that Jl'os =
J.03| Ag(r)tu(r)os and jj‘ag = jL03’A3(7),_>t#(T)03, respectively. Note that z;(oc0) = A;/z,
29(00) = —A1/2, and that 27 2(00) — 21.2(t) < ¢! by Proposition 5.1. Recall that
A12 = A 2(00) in these integrals. By use of f/\):(t,u(T) — 2(t = 20c771))dr, we have
As ' —Ay? ' 21(t)
T g = K " tn(ryr = ¢t /A )z = e / W)z + t(1, + 1),
¢

where

+ay/?+2e790,0t~1+O(t72)
L] < /

+4)/?
with A(;/ 2 1/ 2 < 71 Hence
i¢

B = / HON(2)dz + O 1)

et ay — 22 2e70. t71z et
_ @ -1 ~ —1/2
___t/(,/ Lt )dz—Ts /ag2(t,z)dz+0(t /2)
_ ¢ — < 12
_——t/,/ o dz+O /

Furthermore we have

JE— Jb = ei‘bt/u()\(z))dz +O(t7?)
b

el [ay — 22 2e7 %0, t! .
= —t/< Qo2 , =€ Z)dz—|—ewt_l/gb(t,z)dz+O(t_1/2)
1—22 w b
4y — 22 oom 1/2
= [
= o)

The relation \/ ap —2%) /(1 —22) = (1/w)(a¢ —2%) = —(w/2) + ay/w — 2z %ay/w yields
the following.

Proposition 5.2. We have

i¢ _
T JE = —%t/ “1“5_ S s+ 012
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i 1 1
- —e—a¢t/<— - —)dz LoV,
e'? lagy — 22 Oom
J JM / 1¢_ Z2 ( 1/2)

B 0o 12
= 4%t/b<w sz)dz 5 +O(t™/7).

To calculate J », jg it is necessary to know the integrals of

(5.3) diagT Ty |y, =

e~ (1 B %)il by + iby _ ieii(ﬁ(blbé — bllbg)
4 dz b1 — ’ng 2/,6([,L + bg) )

By (5.1), by are written in the form
1
(22 — 1)bs = 1(22 —1—43)+ 0@,

S0 = Daolz +1) = g3+ O( ™),

(22 = 1)(br — i) = 5y~ Daolz +1) + 30+ O(t™)

(5.4) y(22 — 1)(by +iby) =

with 30 = —(e7*y* — y)(y — 1)72. Let 21 be such that
b1<Z+) + Zb2(2+) = O, bl(Z_> - le(Z_) =0.

It is easy to see that
oyt oyt

(5.5) Z+—y_1+0( b, 2= y_l—i—O( H,
and that u(z+)? = b3(21)2. By (5.3), ||diagT*Ty|| < |z F 1|72 near z = +1. Further-
more, diag7 1T} has poles at z, € I1_ and is holomorphic around z. € IT,. From (3.9)
combined with (5.2) it follows that
2e7 %0 2t™!
=Tt o).

Qgp — 2
Note that b3(24) = e @y ly*/4+O(t™1) and p(z4)? = e 2Py ~2(y*)?/164+O(t ™). When
ze €11,

(5.6) ((24)* = Dbs(2z) = —((22)* = Dpal(zs) = iw(zi)(l +0(t™)).

The relations

(22—1)63( 1 B 1 ):

Z—2y Z—Z_

(1 -2 = quz) (14

()7 = Dby(zs) () = Lby(=-)

z— 24 zZ—z_

1
4
:Z}l (z+ —z_ + w(z+) _ w(z_)> Lo

zZ—2y Z—2_

and
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yield

S e~ 1 1 w(z w(z_ 1 B
diagT ' Ty|,, = I <z -+ <z+ -z + (24) _ )> +O(t 1))
— — .

Hence we have

A2 z2
/ / dlagT_lT)\|03dT = / diagT T |5, d7 = ei‘b/ diagT ' T\ |,5d
c1 cS° A1

21

(2 = z¢) (21 — 2

= —l
A
1 2y — 2 w(zy) w(z_) : -1
_ — d a ),
8/3( - +(z—z+)w (z—z_)w> z+mira +O0(t7)
and
/ / d1agT‘1TA|03dT = ei‘z’/diagT_lT,\|g3dz
cs° c3° b
2y — 2 w(zy) w(z_) . .
S — dz + 2 O(t
4/b< w + (z — 2z )w (z—z_)w> @+ 2miry + O(),

where mir,, 2miry, with r,, 1, = 0, 1 are the contributions from the poles z4 in deforming
the contours. Since (by(2) — iba(2))/(b1(2) 4+ ib2(2)) = y(z — 2-) /(2 — 24),
€1 — icy Y(zg — 2_)

2 _ _ 2 y(z1 —2)
CO — B - ) dO - -
C1 +1Co Zy — Z4 21— 24

These combined with Proposition 5.2 and (4.4) yield the following.

Proposition 5.3. Set

- 1), A s ey

w 22w w (z—zp)w (z2—z)w

with w = w(z )—w%, . Then

ag — 2° ~1/2
1_22dz— Wi(z z———27rzrb—|—0( )

/(tWo( ) — Wi(z ))dz— — —27rzrb+0( t=12),

_ .2
2(Jy — Jy) + log(cy tdy) = ——t/ \/ a1¢_ ; dz + /W1 )dz + 2mir, + O(t71/?)

- / (tWo(2) — Wi(2))dz + 2mira + Ot 1/2).

Corollary 5.4. We have

/(tWO Wi(z))dz — +0(t7°),

log(m9,m1,) = /\/ T dz+/W1 )dz — (oo + 1)mi + O(t™°)
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—— [(6Wa(a) = Wiz — (6 + 1)+ O(1°).

a
5.2. Expressions in terms of the ¥-function. Under the supposition a4 # 0, 1, write

sn(u) = a;/an(u; a;/z).

Then z = $n(u) satisfies (dz/du)* = w(z)? = (1 — 2%)(ag — 2?). Setting z = $n(u) we
have, for a given 2y on the elliptic curve Il,, = Il,, ; UTl,, - for w(z) = w(ay, 2),
dz du

(z—z)w(z) sn(u) —sn(u) sn(uo).

Let uF be such that zéi) = &n(ud), where z(()+) = (zo,w(z((;r))), z(()_) = (2o, —w(z(()+))).
Since &n’(uf) = j:w(zéﬂ),
1 1 1 w'(257) _
- = Clu—ud) —C(u—uy)) — —((ud —u
) =5~ ) ) = e (S — < )
1 ad og o(u—ug) 1 (w/(z(()+)) _Z/(u‘i‘_u—))
w(z(()+)) du "~ o(u—ug) w(zéﬂ) 2 o’ o

This function may be written in terms of the ¥-function

I(z,7) = E A (N E |
neEL

coinciding with 3 of Jacobi and having the properties:
Vzx1,7)=0(z,7), I—=27)=0(z,7), Vzx7,7)=e ™Yz 1)

[14, 43]. Let us write the fundamental periods of Il,, as

wazwa(t):A%7 szwb(t)Z/bia w(z) = w(ag, z).

w(z)
Then $n(u) with the modulus k = a;/z has the periods w, = 4K, wy, = 2iK’, and

IF (D, 2) + v, 7)

—u) 2 (wa/2
dlog o(u “2) = Clwa/ )(ug — ug )du + dlog = :
o(u—uy) Wa V(F(zy ', 2) +v,7)
o N 2¢(wa/2), _ ir 1 _
;(U(T —uy) = _w—a(uo —ug) + o + w—ag(F(Z(() L a0) 4,7
[14, 43], where
Whp 1 1 * dz 1
. = — — = 1 F *9 = = U
(5.7) = Y 2( +7), (24, 2) wa/z ) wa(u Uy)
with z = 8n(u), z, = $n(u,). Thus we have
dz 1 19(F(z(()+), 2)+v,7T)
(2 — zo)w(z) w(z(()+)) 79(F(z(()_), 2)+v,7T)
1 w1, “) 4 dz
_ 5 ( 5 _w_<m+5(F<ZO , 2 )—f—V,T)))w(Z),
w(z ) a
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which yields

dZ _ w/(Z(()Jr)) 1 . i’ (-) (+)
58 Eai ™ sy (7 T 1),

dZ . 271 Z(i) Z(+) - dZ
(59) /b<z—zo>w<z>‘w<zé+>>F(° A [

The integrals
dz 1 2 W
— = —(1+a;Hwa — — — 2
/aZQUJ(Z) 2( Ty ) a¢wa(1§‘ <19>)( /2:7)

/ dz  4m n / dz
b 22w(2)  agwa ’ a 22w(z)
follow from (0/020)(5.8), (0/02)(5.9) with 2y = 0. Furthermore, we obtain

w(zo)dz B 19/ 1 (=) _(+) 1
/al(z—zo)w(z) B zowa—l—Zﬁ <2F(ZO #0) 4’T>’

combining (5.8) with the relation
2o w'(20) 1y w1 _ 1
(; - >wa + §E(F(z( ) (+)) +u,7T)+ 5 = 5<§F(z((] ),z(()+)) - Z,T),
which is derived by comparing the poles zp = +1, :I:aé)/2 and oo™ (€ Il +) on Iy, (cf.
22, p.513], [28, (3 5)]) 2 In what follows let us adopt the convention that the path of

the integral waF( f( N w )~tdz passes through % , i.e. the left end of the
cut [a;/ ,1]. Then

/ SO / S / ="z
—9 - 9
2 w(z) 1/2 w(z) ol w(z)
([T
= — 2 - wa’
1/2 2 w(2)
and hence —F(—zéf), —z((;r )= F(zé ) )) + 1. From these relations with zy = 2z, z_
such that z, +z_ = O(t™!) (cf. (5.5)), we derive the following.

Proposition 5.5. For WO( ) and Wi(z) in Proposition 5.3,
4 19// 19/
/WO ((a¢_1)wa+w—a(g—(ﬁ))(7/z "),

el
/WO dZ—T/WO 7TZ7

_ 1
/W1 ( FEA 20 - 177) +O(t™h),

2For 29 = oo™ by using [;° w(2)"!dz = wp/2, it is shown that F(zé_),zéH) = 7 —1/2 and the
residues of the poles on both sides coincide. Similarly for each of zp = +1 and 2y = ia;/ % the poles on
the left-hand side are cancelled out, since F(z{7, 2{™) = 2v/2(1 = ay)~1/2(wa) " 1(1 + o(1)), say, for

29 = 1 +t?> — 1. The difference of both sides is a constant, and setting zyp = 0 we obtain this relation.
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/ Wi(z)dz — T/Wl(z)dz = miF(z{7, ) + % +O@™Y),
b a

where 2, = (y +1)/(y = D)+ 0", 27 = (. w(z)), 27 = (24, —w ().

5.3. Expression of By(t). Recall that a,(t) = Ay + ¢ 'By(t), Bs(t) = O(1) in the
domain S.(¢,t, ko, 1), where A, is a unique solution of the Boutroux equations (2.3).

The quantity By(t) is written in terms of

dz A¢ — 22
Qup = 1/
b /ab 'LU(A¢, / 1 -

where w(Ag, z) = \/(Ag — 22)(1 — 2?), and a, b are basic cycles on II4,. Observing
that

ag — 22 \/A¢ — 22 1 3 t_lB¢ 1
—_ = — 22— A, — 22 )= — (1 B
\/ 1 m(\/aﬁb < \/ o< ) 2w(A¢,z)< +O(t ¢>>)7

1— 22 22

and combining this with Corollary 5.4 and Proposition 5.5, we obtain

i} 0
% (té’a + 2 By(1+ O(t*Iqu))) - / W (2)dz — log(mQmly) — wi(0 + 1) + O(t™)

with f Wi(z)dz as in Proposition 5.5.
Proposition 5.6. In S,.(¢,t., ko, 01), By(t) is bounded, and

i Qa v _ 1
c <t$a + B¢,) (—F(ZSr ), zf)) - T> — log(m9,mly) — mi(s + 1) + O(t70).
4 2 9 \2 4
Remark 5.1. In the argument above, the substitution (a,b) +— (b, —a) yields
€Z¢ Qb —1 000 . _6
T <t€b + = By(1+ Ot B¢))> = [ Wi(z)dz + =i + logmy + O(¢ ™)
b
with

1. .
/W1 ( P, A) + 7.7) + 067,
in which F denotes F corresponding to 7 = (—w,)/wp. Since Re Jop Wi(2)dz are

bounded in S.(¢,t., ko, d1), the Boutroux equations (2.3) with A, are equivalent to
the boundedness of Re (¢/°Q,B;) and Re (¢"?Qy, B,), namely, the boundedness of By(t).

Proposition 5.7. We have

L) )

+ dz + dz B o
/zs_) (A¢, 2) /(> M"_O(t ), w(z) =w(ag, 2).

To show this proposition, we note the following lemma, which is verified by combining

3w(Ag, 2) = (zw(Ag, 2)) + (Ag + 1) A¢_Z2—A(A —1>;
W\ Agp,z) = (ZW(Ayp, 2 & 1_ .2 p\ A w(A¢,z)

with A
JaQb — Jan = g(l + A¢)7Ti, Ja,b = / w(A¢, Z)dZ
a,b

The derivation of the last equality is similar to that of Legendre’s relation [14, 43].
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Lemma 5.8. £,(, — &, = 4mi.

Proof. By the boundedness of By(t), wap = Qap + O for a, b C Iy, NIy,
From Proposition 5.5 and Corollary 5.4, it follows that

(/ /) (tWo(z) — Wi(t))dz = e“ﬁm’t _miF (20, ) - %Z Lo

Wa

=< t—27rz<p+()+%Q+(t)>+O(1> <1

with py(t), ¢ (t) € Z. Write €%t€,/8 + wigq, (t) = Xi and €*t&,/8 — mip, (t) = Yi,
where, by (2.3), [Im X|, ImY| <« 1. Then, by Lemma 5.8, the last line becomes
i} 1(1) Q
GQM - —(&, - o2 >t— 2( “b y —Y)H—O(l) - —z(ﬁx —Y>i+0(1) <1,
a a wa

Wa

where Im (wp/wa) — Im (2, /€2) > 0 as t — oco. This implies | X|, |Y| < 1, and hence
(5.10) Ty (t) = —eE,t/8 + O(1), Tipy(t) = eEpt/8 + O(1)

as t — 0o. We would like to evaluate

T= /;r) (wgz) - w(fll¢,z))dz

?

in which the integrand is

I —By(t)t!
w(z)  w(dg,2)  2(Ag = 2)w(Ay, 2)

+O0(t™?).

Observe that the contour [z(g), z(j)]N

2¢.(t)bUay Ua_, where the length of ay is < 1. Using (5.10) and Lemma 5.8, we have

on II,, N1I4, may be decomposed into 2p (t)aU

(++)

= By(t)t

T <
o (A~ 2)w(Ag2)

dz\ O < |Bot~[p+ (Dja + a1 (8)js] + O()

0
(Ealp — EQa) |+ Ot ) < 71

Euja — Ealel + O™ = 2| (€
with
. / dz
Ja,b = 5
a,b (A¢ - Zz)w(Adh Z)
which completes the proof of the proposition. Il

6. PROOFS OF THEOREMS 2.1 AND 2.2

Let y(t) be a function satisfying (4.3), and let (M° M') € M, 0, 6..) be such that
mymy,mi, # 0. Suppose that 0 < |¢| < 7/2.
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6.1. Proof of Theorem 2.1. Note that, by our convention,
) )

_ 1 [* dz 2 (% dz 1
6.1 F) (”——/ ——/ —Zt+o@t
( ) (Z-I— A ) Wa z5:> U)(Z) Wa Joe) w(z) 2 + ( )

on II,,. By Propositions 5.5, 5.7 and Corollary 5.4,

(6.2) wa(/b—TD (tWo(2) — W (2))dz

0.
= Wy <10g my + 7(log(m9;miy) + (0 + 1)) + m

+ O(t—5))

T10

Q
— Qa(logmy + > (log(mmiy) + mi(0ao + 1)) +

a

= —emit — miwa(F(247, 207) + 1) + 0(¢79)

+ O(t‘5)>

) Zt d
= —“mit — 2mi / S O(t™)
0

) %40 d
= it — 2mi / — % Lo
o) w(Ag, 2)

with 28 = (y(t) + 1)/(y(t) — 1). From (6.2) with wa p = Qa p + O(t™1), it follows that

)
Z+o dz 1, .
_TE (et F) + O(t7Y),
/o<+> w(Ap, z) 2<6 o) +O(E™)

where g = ¢ + €2, and
-1 0,1 2, Qq

To = —— (Qb log(m21m12) + Qa log m¢> - (7 + Qb) (000 + 1) - 7 mod QQaZ+ 2QbZ-
g

This gives

(6.3) yi+1 AYPsn((et — ) /2 + O(t™%); AY?)

y(t) -1 ¢
as t — oo through S.(¢,t., Ko, d1). Thus we obtain the desired asymptotic form.
Let Wi (z) be the result of replacement of w(z) with w(A,, z) in Wi(z), that is,

W () = 1 ( Al w(Ag, 24) w(Ag, 2_) >7

Nl 2) " ol (- 2w, 2)

which differs from the early Wi(z) by O(t™!) along a, since By(t) < 1. Then, by
Proposition 5.5

9 /1 _ 1 Q
/Wl(z) = /Wf(z)dz+0(t‘1) = 5<§F*(z( ) 2Py — Zsz_b> +0@t™)
with
(=) _(+) 1 ZSFH dz 2 Zf) dz 1
F 0,20 = — A — __Cqo@h).
(#7247) Qa /Z(+_) w(Agp, 2)  a /0(+) w(Ag, 2) 2+ (t)

The same argument as in the derivation of Proposition 5.6 leads the following.
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Corollary 6.1. In S.(¢,t., ko, o),

e'? Q vl Q
— A - _ by _ by _ 0 1y _ -5
1 (té’a + B¢> 3 <2Qa(e t — o), Qa> log(mgy;myy) — mi(foo + 1) + O(7°).

Justification The justification of (6.3) as a solution of (Py) is carried out along
the argument in [28, pp. 105-106, pp. 120-121]. Let M = (M° M') € Mg, 6, 60) be
such that mymy;mi, # 0 (cf. Remark 2.2). Relation (6.3) and Corollary 6.1 provide
the leading terms yos = Yas(M, 1) and (Bg)as = (Bg)as(M, t) without O(t7?). Viewing
(43), we set 202, = 252 (M, 1) = v/A(F, oo (Ba)ae) with

o(t,y, B) =e**y(4y + (1 — Ag)(y — 1)%)
+e“y(y — 1)(4(0h + 01)(y + 1) — e(y — 1)B)t
+ (y — 1)°((60 — 01 + 0s0)*y — (60 — 01 — 00)*)t 2,

where the branch of the square root is chosen in such a way that the leading term of
yr, is compatible with (d/dt)yas. Then (Yas, i) = (Yas(M, 1), yi (M, t)) satisfies (4.3)
with By(t) = (Bg)as(M, 1) in S(¢, too, K0, 02), and the relation M = M(t, yas, y2) [28,
(2.28)]. Here S(¢,too, 10, 02) = {t| Ret > to, Imt| < rio} \ U, ey iz (It — e 0| < 65}
with Zoo = {€t| yas(t) = 1} = 20 4+ QaZ + 2(Z + §), Zo = {€*t | yas(t) = 0,00} =
20+ Qa(Z+ 3) +20(Z+ 3), and M(t,y,y*) is a collection of explicit functions (¢,y, y*)
resulting from the WKB procedure.> The monodromy data M (t) for system (3.4) with
B(t, A) containing (gas,42.) is given by Ma(t) = M(t, yooy ) + O(t%) [28, (2.27)] as a
result of the repeated WKB procedure. Thus, for [t| > T, we have ||[M(t) — M| <
Ct~° valid uniformly in a neighbourhood of M, where C' and T, are independent of
M [28, (2.26)]. Then the justification scheme [26] applies to our case (see also [12,
Theorem 5.5]). This justification combined with the maximal modulus principle in each
neighbourhood of o € Z; leads us Theorem 2.1 in S(p, ts, Ko, do)-

The justification scheme is described as follows. Let M, be a given monodromy
data, and K(gg) : [[M — Mo|| < g a given compact ball with centre at M. By the
property above combined with the compactness, there exists positive numbers T, and
Cp such that, for every M € K(g), M — (M)us]| < Colt|™° if |t| > Tw. Note that
ft, M) := My — (M)s(t) + M is amap f: K(g9) — K(g9) continuous in M € K(g)
if M — (M)us(t)]] < g0, ie. if [t]° > Cy/ep. Then by Brouwer’s fixed point theorem,
for each |t| > max{T,, (Co/c0)"/?}, there exists a fixed point M, = M,(t) € K(g)
such that f(t, M,) = M, i.e. (M,)as(t) = My. (As will be shown later M, is a unique
fixed point.) This implies that [|M, — M|l = M. — (M.)as(t)| < Colt|~° and hence

3n our case (Yas, y25) may be replaced with (Yas, (Bg)as), and then M (t, yas, y) consists of, say,
—e'mit — ﬁiQa(F*(zég),zg)) +3) — Qami(36 + 1),

16t (1€ + 3Qa(Bg)as) — (0 /) (S F* (2557, 237) = 10 /Q0) + 7i(00 + 1),

zad) = (s + 1)/ (s = 1),

which are main parts of (6.2) and of the equation of Proposition 5.6 without O(t~°).
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M, = Mo+ O(t79) for [t| > max{T.., (Cy/c0)"/°}. Then (M.)as(t) = My leads us to

(Yas(Mas 1), (By)as(Mi 1)) = (Yas(Mo + Ot %), 1), (Bg)as(Mo + O ), 1))
= (Yas(Mo, t + O(t™)), (Bo)us(Mo, t + O(t™))),

which realises isomonodromy deformation with the invariant monodromy data M, and
then y*, = (d/dt)y.s. This provides the desired expression y.s(Mo,t + O(t~?)) in our
main result. It remains to show the uniqueness of M... To do so suppose that there exist
M., and M, such that My = (M,q)as(t) = (Ma)as(t), and set y1 = yus(Ma, t), Yo =
Yas(Ma, t). Let V1(A) and V() be matrix solutions solving (3.4) with B(t, A) containing
(y1, ;) and (y2,yh), respectively. Since Vi (A) and Va(A) yield the same monodromy, by
the uniqueness of Proposition 3.2 we have (dV;/d\)V;" = (dY®/d\)V, !, implying
Y1 = Y2, which contradicts the supposition.
Thus Theorem 2.1 is proved.

6.2. Proof of Theorem 2.2. Suppose that 0 < |¢p — 7| < 7/2, i.e. /2 < ¢ < 37/2.
Recall that p()) is on the Riemann surface P, UP_ glued along the cuts [\, A;] and
[A2, A3]. Note that Ay = Ay by Lemma 8.14. Let S(n/2,37/2) on P be the limit
Stokes graph as described in Figure 6.1 (a), (b), in which é° joins A or \g to €™/200,
and ¢ joins Ay or \; to €*™/200. The anticlockwise m-radian rotation of the Stokes
graph S(—n/2,7/2) for 0 < |¢p| < /2 as in Figure 4.1 results in S(r/2,37/2). The
curve c3° corresponds to ¢i° or ¢5°. Let the loops lo, [1 be the results of the same rotation
of le, [, in Figure 3.1. The loops fo, [, and the starting point pg are as in Figure 6.1

(c), and arg(ps;) = 37/2. Let M° and M' be the monodromy matrices defined by the

(b) m < ¢ < 3m/2 (c) Loops lp and [}

FIGURE 6.1. Limit Stokes graph and loops

analytic continuation of Y3(¢,\) along the loops lo and fl, respectively. Recalling that
Y3(t,A) = Y (t,A)Ss, and that the analytic continuation of Y (¢, \) = Ya(t, \) along Iy, Iy
are Y (£, \)M°, Y (t, \) M, respectively, we have Sy 'M°S, = M°, S5 M'S, = M.

In the calculation of M° and M* this Stokes graph is used. Suppose that 7 < ¢ <
3m/2. Let Y,(t, \) be the matrix solution admitting the same asymptotic representation
as (3.6) in the sector |arg A — 57/2| < w. Denote by I's a connection matrix such
that Y3 = YT along (—¢€3°) U ¢y U c° joining €°™/200 to €>™/200. The Stokes matrix
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Sy = T3 G e~Ti003 ig given by Y; = Y355, Then I'sM° = S;'. The WKB analysis
with the Stokes graph in Figure 6.1 (b) on C \ [—oc, '?] leads us to

Js—Js ( —Jo 1 Jo ; Jo+J3+J3
B s fe (e770 + cody " €”0) icge
F3 - (I + O(t )) ( —Zdo 1 eJo— Js—J3 GJO*j3+J3 ’

where Jy = f/\)‘; As(T)dr,

b
J3 = lim (/ As(T)dr — 2(tX — 205 log )\)03),

A—00

Aecg® M

X A

J3 = lim (/ As(T)dr — L(tX — 205 log )\)03).
SEARE

Recall 'S, such that Y3I'?, = Y = Y, along a path joining €3™/200 to e™/200 on the
right-hand side of ¢’ in Figure 6.1 (b). Then M'T, = S;', and, by the use of the

/2

Stokes graph on C \ [—€, +-00] with ¢5° joining A to €™/200 in place of €5,

oJ3—J2+Jo —icge ot st >

o -6
Foo? = (I + O(t )) (idaleJO_Js_JQ @_J3+J2( —Jo + COdO 16J0)

with J, as in Section 4. Note that 1mymd, + mYyl, = €™ follows from M'M° =
S5 187 e ™03 From the relations TsMO = S;!' and M, = S;!, it follows that

1l = —icoe™ Tt gl = eI I(1 4 qody e ),
m%Q eJ3+J0 Jz7 le — _Z‘daleﬂferJO*Jz
up to the factor 1+ O(t~%), which implies 9y, (m9ym3,) ™t = —1 — ¢;'dpe=2%. Then

we derive —cy'doe 20 (1 4+ O(t7%)) = e™= (mfymi, )7L, and

R —1_2Jo R TS By A
Tstdo—ds 14 cody e B 1 —¢, dpe i o1
e = 0 = =e Moy,

Mo M9y (—cg ' doe=%)
in which the contour of Js 4 .Jo — Js on C\ [—00, €] corresponds to the cycle b. These
relations leads to the conclusion for 7 < ¢ < 37/2. In the case 7/2 < ¢ < 7, denoting
J3|a-n, and jg,] A, Dy the same symbols J3 and jg, respectively, we have, by using
the Stokes graph in Figure 6.1 (a),

By eJo+Ja—Js iCO€J0+j3+J3
FB = (I + O(t )) _Z-dalejo—jg—Jg e—j3+J3(e—Jo 4 codgle‘]o) ’
J3—J1(,—Jo 1 Jo ) Jo+J3+J1
- s [e (e770 + cody"e’)  —icpe
[T =U+0(")) < idytedo— s o= J3++Jo

These relation yields

BT (1L O(70) = (3) 7!, —cgtdoe (1 + O(t7%)) = €™ (i, ),
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the first of which immediately follows from DIsM° = S;'. From these relations the
phase shift z, is derived by a procedure analogous to that for 5. Thus Theorem 2.2 is
obtained.

For ¢ such that |¢p — k7| < 7/2 (k € Z), denote by l l ") and Stk —7/2kn+7/2)
the km-rotation of ly, Iy and S(—m/2,7/2), respectlvely. Let Y?(t,\) be the canonical
solution of (3.4) admitting the same form as of (3.6) in the sector |arg A—2pr—7/2| < m,
and let MI? and M]} be the monodromy matrices given by the analytic continuations
of ?p(t A) along [” and I*") respectively. Especially, YO(t,A) = Y (t,\), I\ = I,
l = ll, M) = M°, M} = M"'. Then Mz? and MI} are as in Remark 2.5, and MS, M;
are calculated on S(2pm — 7/2,2pm + 7/2). Thus this is reduced to the situation, to
which Theorem 2.1 applies. For the canonical solution Y?(¢,\) in the sector |arg A —
(2p + 1)m — 7/2| < 7w such that YO(£,\) = Yj(t, \), the analytic continuations along
127 and 1277 yield M9 and M} as in Remark 2.5. Calculation of M? and M} on
S((2p+ )m —7m/2,(2p+ 1)m + 7/2) leads to the results corresponding to Theorem 2.2
(cf. Remark 2.5).

7. SYSTEM EQUIVALENT TO (Py) AND ANOTHER APPROACH TO By(t)

Multiplying both sides of (Pv) by 2(dy/dx)y~'(y — 1)~2, we write (Py) in the form
d 20y x?

1 —L=—-20""L — 2(1—6,— 6
(7.1) dr x (y—1)2+ ( 0 1)y—1’
where
(y)? y z!
L= L(x):= — +2(1—6y—0
(=) yy—1?%* (y—1) ( 0= 0) 1

Furthermore L = L(x) is written in terms of ¢ := (y +1)/(y — 1):

73 L= - ) - (- w1 )
—92 1—
T (00 004 001 (80— 00— 0 )
with ¢ = di/dz. Then (7.1) equivalent to (Py) becomes
(7.3) %L =—20'L - %(W —Da 4+ O+ 6, — 1)1 — )z 2
The quantity as defined by (3.10) with y* = y,(t) = ey/(z) is rewritten in the form
N2 _ 2 3 + 1 3 -1
as = 1—4%%(90%1):0 1@;_ Lt 2¥ ; (0 — 01 +0.0)2y — (6 — 01 — 0:0)?),
and then
(7.4) AW =(1 = 9*)(ag — ¥*) — 4(00 + O1)a~ (1 — 7)

+ 41'_2(2(90 — Gl)Hoow + (6‘0 — 01)2 + (9(20)
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From (7.2) and (7.4) it follows that

1 1
(75) L= 4_1(1 — a¢) + (90 + 91 -1+ Qﬂ)x_l — 5((90 — 91)2 + 930)$_2.
The system consisting of (7.3) and (7.4) with (7.5) may be regarded as one with respect
to ¢ and ay = Ay + x7'b(z) that is equivalent to (Py). The system of equations (7.3)
and (7.4) is also written in the form

(7.6) AW =1 =) (Ag — %) — (1 — ¢*)(4(60 + 61) — b~
+4(2(09 — 01)00t) + (00 — 61)* + 6% )2,
(7.7) V =—2(Ay — %) + 49 + (4(60 + 01)Y — b)z ™,

which follows from the substitution ay(x) — Ay + 27 1b(z) in (7.3) and (7.4) with (7.5).
Neglecting the terms with the multiplier 27! in (7.6) and (7.7), we have

4 = (1 =) (Ay = 47), V= —2(Ay —4%) + 4.
The first equation admits the solution
o(z) = A *sn((x — w0) /2 AJ%),  4(W))* = (1= ) (As — 1)

expressed by the Jacobi sn-function with Q, = 4K, Q, = 2i1K’, A;/Q = k.
Let us seek a function by(z) that solves b = —2(Ag —92) +4¢} and is consistent with
By(t) for (6.3). Put u = (z — x¢)/2. Then this becomes

(7.8) (bo)u = 4(t0)u + 45 — Ag) = 4(tho)u + 4As(sn*u — 1).

Comparison of double poles of doubly periodic functions yields

with 79 = Qp/Qa. Integrating this with (7.8) along [0, u| and putting u = 2K = Q,/2,
we have

2E4 v,/ 1
bo(l’) = bo(%) - Q—a(l’ - 370) - Q—ag<29a(5€ - xo)ﬂ'o),
since 2cy = —2E&, /2, follows from

K A1/2
[Ay — 22 a
Ad>/ (Sn2u—1)du:—/ ’ ? z dz:—g— (z:A;/anu).
0 0 1—=z 4

This is consistent with Corollary 6.1 if

284 8 . 26,
(7.9) bo(zo) = Bo — Q. Yo = —Q—(log(mglmb) + (0o + 1)) — q. %o

Therefore by(z) satisfies
(7.10) bo(x) = 2(ho()* — Ag) + 4 (2)

and by(e'?t) — e By(t) < t7° in S(¢, too, Ko, 0o )-
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8. MoDULUS A, AND THE BOUTROUX EQUATIONS

We examine a solution A € C of the Boutroux equations. Let the branch of A2
(# 0) be fixed in such a way that Re A¥?2 > 0, and ImAY2 >0 if ReAY2=0.1In
accordance with [31, Appendix I] set

b= [ - | F -t

in which the cycles a and b are as in Figure 2.2 with Ay =

Lemma 8.1. Let A € C. Then Z(A) € R if and only if, for some ¢ € R, A solves the
Boutrouz equations (BE), : Ree®I,(A) = ReeI,(A) = 0.

Proof. Suppose that Z(A) = p € R, and write [,(A) = u + v, I,(A) = U + iV with
u, v, U, V € R. Then u = pU, v = pV, and hence u/v = U/V = tan ¢ for some ¢ € R,
which implies Re e I,(A) = Re eI, (A) = 0. O

By Lemma 5.8,

T() = 5ol (A) = (L) = =

dz

wan(A) = /aw =

which implies the following.

Lemma 8.2. The map Z(A) is conformal on C as long as I,(A) # 0, cc.

Near A = oo, observing that

1—2%2/A
1 — 22

Al/2
/[1— z2/A
2A1/2/
1—22

1/2
22A1/2/A < —Z2/A > s
1 \/22—1 V22 = 1(1+ /1 — 22/A)

= —iAY?log A (1 +O(]log A|™Y)),

A) = 4A? dz = 2rAV*(1 +0O(A™Y)),

and that

we have Im (1/Z(A)) = —(27) ' log |A| (1 +0(1)) as A — oc.
Lemma 8.3. The set
R(BE) =T '(R) = {A € C; A solves (BE), for some ¢ € R}

18 bounded.
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Let us observe the dependence of A € R(BE) on ¢ or ¢t = tan ¢.

Since I,(0) = 0 and I(0) = 2i, A = 0 solves (BE)s—o. Conversely we may give the
uniqueness lemma, which is crucial in discussing (BE),. This is proved by an argument
similar to that in [27, §7].

Lemma 8.4. If A solves (BE)y—o, then A = 0.

Proof. Suppose that Re I,(A) = Rel,(A) = 0. Then [,(A) is pure imaginary, and
Ih(A) = —I,(A) = —I5(A) = I,(A), that is, [b(A) I, (A) = 0.
—a+ i N o Tt G
( . D\ \
| 0 —a| [ —J
1 —a T =
b
—a— Bi \J —1— (i N
(a) 0 <ReAY? <1 (b) Re A2 =1 (c) Re A2 > 1

FiGURE 8.1. Cycle b

(a) Case where 0 < Re AY? < 1: Write AY? = a +if with 0 < a < 1, say, 5 > 0.
Then the cycle b may be deformed in such a way that b surrounds anticlockwise the cuts
[—a—iB, —a+if]u[—1, —a], where —a—i3 = —AY2 —a+if = Sy (Figure 8.1, (a)).
The function /(A — 22)(1 — 22) (respectively, \/(Z — 22)(1 — 22) ) may be treated on
the plane with the cuts [—1, —a]U[—a, —a—1if] (respectively, [—1, —a]U[—a, —a+if]).
We have

In(A) — In(A) = ,/_ZQ _ZQd (A~ A)Iy(A,A
b(A) — In( 1_ 2 1_22 <= M ( ) =0,

In(A,A) = :
b4, 4) /t)\/l—zQ(\/A—z2+ A—ZQ)

To show A € R, suppose the contrary A — A # 0. Dividing b into five parts, we have

where

L(AA) =1+ I3+ H L+ J7 + 0,
in which
/5 idt
0 /1—(—a+it)*2(y/A— a+it)2+\/Z—(—a+it)2)
0 idt

- |
V1= (—a+it)2(VA— (—a+it)? \/A (—a +it)?)

Iy =

Y
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./1 2dt
o VISB(WA—BR - VA1)

jo_ﬁz/ g idt |
0 —/1—(—a+it)>(y/A— (—a+it)? \/A (—a +it)?)

0 /0 idt
Jiﬁz .
B —\/1— (—a+it)2(—/A— (—a +it)? \/A —a +it)?)

Then

. - i p — (o +it)? — (o +it)?
(I§+Ig)+(Jo—ﬁ+J95):A2_Z/O Q/%—\/%)dtem

(for the branch of /(A — 22)/(1 — 22) see Section 5). The remaining integral H_, is

_1H4:: i —(a+1ip)? + a—uﬁ
2 e A—Z(X ‘ﬁtﬁ
_ 2 /1Re\/t2—oz2+ﬁ2—2iaﬁdt
A—AJ, V1-—1¢2
\/52 1 \/tZ_a2+ﬁ2+\/(t2_a2+52)2+4a2ﬂ2
- Z/ i dt € R\ {0}

Hence Iy, (A, A) # 0, yielding the contradiction A — A = 0. In this case we have A € R.
(b) Case where Re AY? = 1: Write AY2 = 1 +483, say 8 > 0 (cf. Figure 8.1, (b)).

Then
[A —22 1—zﬁ (—1+74t)?
=2 d
/ 1— 22 dz Z/ \/ —1+t)? t
2 — 2—2t— /
_2/‘¢ ﬁ o7 Lt = /1 ¢ﬂ+ﬁv+4+m%ﬁ
— 1
with

Re¢ﬁ+ﬁt+4+m%:VALH%+4+VKﬁ+ﬂﬁ+®W+Mﬁ22¢Z

which implies Re I,(A) # 0.

(c) Case where Re AY? > 1: It is shown that Rel,(A) = 0 implies A € R by an
argument similar to that in the case (a).

Thus in every case we have shown A € R or Re I(A) # 0. We may examine I,(A)
and Ip(A) for each A € R to conclude that ReI,(A) = Rel,(A) = 0 if and only if
A = 0. This completes the proof. O

Corollary 8.5. For every A € C, (Ia(A), Iv(A)) # (0,0).

Corollary 8.6. If Rel,(A) =0, then A = 0.
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Since I4(1) = 4, Iy(1) = 0, the number A = 1 solves (BE)g—1r/2. Observe that
Reil,(A) = 0 implies I,(A) = —I,(A). Then, similarly we have the following.

Lemma 8.7. If A solves (BE)y—1r/2, then A = 1.
Corollary 8.8. If Reil,(A) =0, then A= 1.

Lemma 8.9. If |¢| is sufficiently small, equations (BE), admit a solution A, =
x(p) + iy(¢p) such that
4¢7°

2(6) = s (Lt o(l). (@) = -

which is unique around A = 0.

4¢
log ¢

(14 0(1)),

Proof. Suppose that |A] is small and Re A2 > 0. Then
[A — 22 S 1_ 42
dz = 2 ———dz =2A — —dt =71A+ O(A?
/ 1—22 : /A1/2 —22 : / 1—At2 maAt ( )’
\/j F
=2
/ 1—22 dz = Z/Al/z 1—22

=2 —A
Z( AL/2 \/1—z2 AL/2 \/1—z2(z—|—\/22—A))
= 5(4+A10gA+O(A)).

From Ree®I,(Ay) = Ree'®I,(Ag) = 0, that is,
Re ((Ag + O(A3))(cos ¢ +ising)) = Re (i(4 + Aglog Ay + O(Ay))(cos ¢ + isin ¢)) =
with A, = x(¢) + iy(¢), the conclusion follows. d

Similarly we have the following.

Lemma 8.10. If |¢ F 7/2| is sufficiently small, equations (BE), admit a solution
Ay = (@) +iy(¢) such that

with ¢ = +7/2 + G

Lemma 8.11. Suppose that 0 < |¢o| < 7/2 and that A(¢py) solves (BE)y—g,. Then
there exists a curve I'(¢g) given by A = A(po, @) for |p| < m/2, where A(po, @) has the
properties :

(1) 4G, d0) = A(60), Al6,0) = 0, A(do, £7/2) = 1

(i) A(go, @) is continuous in ¢ for |¢| < 7/2 and smooth for 0 < |¢| < 7/2;

(ili) A(¢o, @) solves (BE)y for |¢p| < m/2.
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Proof. Set
A=a+iy, IL(A)=u(A)+iv(A), Iw(A)=U(A) +iV(A)
with z, y, u(A), v(A), U(A), V(A) € R. Then A solves (BE), if and only if
Re eI, (A) = u(A) cos ¢ — v(A)sing = ReeI,(A) = U(A) cos ¢ — V(A)sinp = 0,
that is,
(8.1) u(A) —v(A)t =U(A) = V(A)t =0 witht=tane.
By the Cauchy-Riemann relations the Jacobian for (8.1) is

Uy — v, —v, — Tty

(8.2) J(v,V,t; A) = det
V,—tV, —V,—tV,

) = (1+2°)(vaVy, = vyVa)

= — (1 ) A A ~ Bal A (A)) = — (1 + 7)1 (Ga[ A (4)

= —i(l + 1) |wa(A)[*Im ZZEQ; <0, # oo,
provided that A # 0, 1. By supposition, since A(¢g) # 0, 1, there exists a function Agy(¢)
with the properties:

(a) Ao(o) = Al¢o);

(b) Ao(¢) is smooth for |¢p — ¢o| < €., e, being sufficiently small;

(c) Ao(¢) solves (8.1), i.e. (BE)y for |¢ — ¢o| < €. and is a unique solution in a small
neighbourhood of A(¢y).

Let us consider the case 0 < ¢y < 7/2. Denote by F(¢g) the family of functions
A,,(qﬁ) with the properties:

(a) 12}1/(¢0) = A(¢o);

(b,) A,(¢) is smooth for ¢y — e, < ¢ < ¢, < 7/2;

(c,,) Ay () solves (8.1) for ¢y — e, < ¢ < ¢,

Then Ay(¢) € F(oy). For any A4,(8), A,(8) € Flou) with 6, > 6, 4,(6) = A, (0)
holds if ¢pg — e, < ¢ < ¢r. Let A(¢) be the maximal extension of all A, (¢) € F(¢o),
and set ¢, = sup, ¢,. Then floo(gb) solves (8.1) and is smooth for ¢g — €, < ¢ < Poo.
Suppose that ¢ < 7/2. Since A (¢oo) # 0,1, the Jacobian J(v, V,tan ¢us; A (dos))
does not vanish, which implies that Aoo(gzﬁ) may be extended beyond ¢.,. This is a
contradiction. Hence we have ¢o, = 7/2, and by Lemma 8.7, Ay (7/2) = 1. Similarly
we may construct a lower extension flzo(gb) for 0 < ¢ < ¢g + €, satistying A’;O(O) =0,
and then have the extension A™ (¢, ) for 0 < ¢ < 7/2. The case —7/2 < ¢g < 0
may be treated in the same way to obtain A~ (¢, ¢) for —7/2 < ¢ < 0. For a given ¢,
satisfying, say, 0 < ¢g < 7/2, combining At (g, ¢) with A~ (¢_, ¢), where ¢_ < 0 close
to 0 is such that A4 is a solution given in Lemma 8.9, we obtain the desired extension

A(¢o, ¢) for |¢p| < m/2. Thus the lemma is proved. O
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Corollary 8.12. Under the same supposition as in Lemma 8.11, (d/d¢)A(¢o, ¢) # 0
for 0 < |¢| < w/2. Furthermore, (d/dp)Z(A(po,d)) >0 or <0 for 0 < ¢ < /2, and so
/(¢ ,
T, Vatans Algn,0) (51 ) - VA
(%o,
2

for —m/2 < ¢ < 0.
Proof. From (8.1) it follows that
)
y'(1) V(A )
(
i

?) o
é) ;
where A(¢q, @) = z(t) + iy(t). By Corollary 8.5 and ( («'(t),y'(t)) # (0,0) if 0 <

8.2),
6| < 7/2,1.e. t € R\ {0}, and then (d/d¢)A(Pg, p) = (2'(t) + iy'(t))/ cos® ¢ # 0. Since
Z(A(¢o,¢)) € R by Lemma 8.1, we have
d —2m
1o Z(A(do, 9)) = ¢A(¢07¢)m R\ {0}

for 0 < |¢| < w/2, from which the conclusion follows. O

Proposition 8.13. For each ¢. such that |¢.| < m/2, equations (BE)y—y, admit a
unique solution A,, € C.

Proof. Let gzgo be so close to 0 that A 4o 1s a solution given in Lemma 8.9. Lemma 8.11
with ¢9 = ¢ provides a curve I'(¢) containing a solution of (BE)s—,, for each fixed
¢+. It remains to show the uniqueness of a solution for ¢. # 0,+m/2. Suppose that A,
and Aj solve (BE)g—=4,. Then, by Lemmas 8.4 and 8.11, there exist curves I'(¢.) and
I(¢.) such that I'(¢.) 3 0, A, IV(¢s) 2 0, AL. Then, by (8.2) (or the conformality of
Lemma 8.2), we have I'(¢.) = I"(¢.) > Ag, = Aj,,, which completes the proof. O

By the uniqueness above we easily have the following.

Lemma 8.14. For ¢ € R, (BE), admit a unique solution Ay, which satisfies
Aptn = Ay, Ay =4y

Lemma 8.15. Fach Ay, given in Lemma 8.14 satisfies 0 < Re Ay < 1. For 0 < ¢ <
/2 (respectively, —m/2 < ¢ < 0), (d/dp)Re Ay > 0 (respectively, < 0).

Proof. Let A, = x(t) 4+ 1y(t), t = tan ¢. Then, by Corollary 8.12,

(d/dt)I(Ag) = (2/(t) + iy (1)) (—2mi) I (Ag)~* € R\ {0}
for 0 < |¢| < m/2. This yields 2/ (t)(U2—V2) =2y (¢t)U.V. = 0, where I},( Ay) " = U, +iV..
Suppose that, 2/(tg) = 0 and 0 < Re Ay, < 1, for some ¢, = tan¢py # 0,%o00. Since
y'(to) # 0, UV, = 0. If U, = 0, then ReI(Ay,) = 0, and hence A,, =0, ie. ¢y =0
by Corollary 8.6. If V, = 0, then Reily(A4,) = 0, and hence Ay, = 1, ie. ¢p = /2
by Corollary 8.8. Thus we have shown that 2'(t) > 0 or 2/(t) < 0 for 0 < |¢| < 7/2,
t = tan ¢, which implies 0 < Re A4 < 1. O

Remark 8.1. In the proof above, it is easy to see that y/(t) = 0 occurs if and only if
U, =1V, that is, ¢ = 7 /4, +37/4.
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Lemmas 8.9, 8.11, 8.15, Proposition 8.13 and Remark 8.1 leads to the following.

Proposition 8.16. There exists a Jordan closed curve T'o = {Ay; || < 7/2} with
the properties:

(i) Ag =0, Airpp =1,

(i) Ay is smooth for 0 < |¢| < 7/2;

(iii) for every ¢,|¢| < w/2, Ay solves (BE).

By the properties above the trajectory of A, for |¢| < m/2 is as in Figure 8.2, (a).

0<op<m/2 0< <2

0 0
¢o=0 ¢ ==+7/2 o=0 ¢==+7/2

0 1 O\—Jl
/2 <é<0 nf2<é<0
(a) 4g (b) 4y*

FIGURE 8.2. Rough drawings of the trajectories A, and A(lz)/ 2

The properties of Ay are summarised as follows.

Proposition 8.17. (1) For |¢| < w/2, the Boutrouz equations (BE), have a unique
solution A, with the properties:

(i) Ag =0, Arrpp = 1;

(i) Ay is smooth in ¢ such that 0 < |p| < 7/2;

(ili) for 0 < ¢ < m/2 (respectively, —m/2 < ¢ < 0), x(t) = Re Ay, t = tan¢ satisfies
2'(t) > 0 (respectively, x'(t) < 0), and y(t) = Im A, satisfies y'(t) = 0 if and only if
¢ = tm/4, £3m/4;

(iv) 0 < ReAy <1 for 0 < |¢p| < /2, and Im A, > 0 for 0 < ¢ < /2 and < 0 for
—m/2 < ¢ <0.

(2) For ¢ € R, A, may be extended by using the relations A_y = Ay, Agar = Ag.

Remark 8.2. By Lemma 8.9, around ¢ = 0, Ay = x(¢) + iy(¢) is expressed as A, =
+i23/2(2 L(2)~")%(1 +0(1)) and A;/Q = +e™/123/4 (2 L(z) ") V4(1+0(1)) as & = 2(¢) =
40°L(¢) "1 (1 4+ o(1)) — 0, where L(z) = |logz|. By Lemma 8.10, around ¢ = +7/2,
Ay =1—12L(y)(1+0(1)) +iy and AY* = 1 — Ly2L(y)(1 + o(1)) +iy/2 as y = y(¢) =
—4pL(¢) (1 + 0(1)) — 0 (¢ = ¢ F m/2). Taking these local shapes around ¢ = 0, and
+7/2 into account, which are important in finding the Stokes graph, we have a rough
drawing of the trajectory A;/Q as in Figure 8.2, (b).
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