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Abstract

We propose a system of nonlinear equations equivalent to the fifth Painlevé
equation, which enables us to examine the general singular solution given by
Andreev and Kitaev along the positive real axis. We present a two-parameter
family of asymptotic solutions corresponding to this general singular solution,

and pose a conjecture.
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1 Introduction

The fifth Painlevé equation
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with 6y, 01, 0 € C, which defines nonlinear special functions meromorphic on the

(1.1)

universal covering space of C\ {0}, follows from the isomonodromy deformation of the

two-dimensional linear system

d= (fag+ﬁ+ Ar )E, o3 = (1 0 ) (1.2)
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The isomonodromy deformation of this system with respect to the parameter ¢ is gov-
erned by the system of equations for (y, z,u) = (y(t), z(t), u(t))

dy 1 1

1L =ty = 2ay 17— (= 1) (500~ 0+ 0y — 530+ 0 +0x)), (13)
dz (Z + 90) 1

t— —yz(z+ (0 — 01+ 0x)) — T<z+—(90+91—|—900)>, (1.4)

d 1/ 1
td—logu——22—00+y<z—l— (0o — 0 + 0. )) §(z+§(90+91+900)), (1.5)

which is equivalent to (1.1) [5, Appendix C], [4]; that is, y(¢) solves (1.1) if and only if
the monodromy data for (1.2) remain invariant under a small change of t. Using this fact
combined with the WKB-analysis, for (1.1) Andreev and Kitaev [1] obtained families
of solutions near ¢ = 0 and ¢ = oo on the positive real axis, and connection formulas
for these solutions. According to the associated monodromy data these solutions are
classified and their asymptotic expressions are presented. Among them a general singular

solution has a sequence of poles along the positive real axis [1, Theorem 4.1]:

Theorem 1.1. Let 3y € C, 1/4 < Refy < 3/4, u € C\ {0} and 0o € C\ {0}. There

ezists the unique solution of system (1.3)-(1.5) with asymptotic expression

cos?®

y = + O(t—1+2\Reﬁo 1/2|)

SlIl T

cos Tsin &
5 = t+0 t2|Reﬁo 1/2]
4(cos T — sin T)? ( )

u = et/ Sin T ~(1+0(1))

cos
ast — 0o on RY N (e ilt — t| > €}), where
I B
() g Ligg( D)
v 4+<41 21> ©8 e\" 5
and ty 1s such that
122 1 ﬁo) 1 O s\ T
S (5 ) logte — o log(—— =) = T
it <4i 01) OB T 9 OB\ T B¢ 1

In the statement above, the integration constants 3y, ©, 4 are contained in the
monodromy data. For the solution y = y(t), the cluster set (. {y(t) € C;t > 7} is
an unbounded continuum, and, as far as the author knows, it seems difficult to examine
this solution by the linearlisation method like e.g. that in [11].
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In this paper we propose another approach to this general singular solution. In the
context of studying the elliptic asymptotic representation of a general solution of (1.1),
the author found the system of equations [13, (6.8), (6.9)]

A(e)? = (1 =) (As = ¥%) — (1 = ¢*)(4(0p + 01)1 — )t
4(2(00 — 01)000tb + (6 — 01)* + 0% )t 2
by = —2(Ay — ¢°) + 49" + (4(6p + 01) — D)t

with

equivalent to (1.1), and used it in examining the error term of the elliptic expression.

For each ¢ € R, the quantity A, is a unique solution of the Boutroux equations

A, _ 2 A, _ 2
Ree’d’/\/ $ 2 dz-Ree“ﬁ/\/ $— 2 ——dz =0,
1—=2 1—22

a, b denoting basic cycles on the elliptic curve w? = (1 — 22)(A4 — 2?) [13, §§2 and 7).

Along the ray argt = ¢, ¢ # kn/2 (k € Z) a general solution admits an asymptotic
representation in terms of the Jacobi sn-function [14, Chap. 22| (for the elliptic rep-
resentation of other Painlevé transcendents, see e.g. [3, 6-10]). If argt = ¢ = 0, then

Ap = 0 is a unique solution of the Boutroux equations, and the system above is

A()? = —*(1 = 7) = (1 = ¢*)(4(00 + 01)y — b)t ™" (1.6)
4(2(0p — 01)000b + (0 — 61)* + 6% )t 2,
by = 2% + 4" + (4(0p + 01)p — b)t ! (1.7)

along the positive real axis. We present a two-parameter family of asymptotic solutions
of this system, and give an explicit expression of the error term of the general singular
solution. Furthermore a conjecture on its asymptotic expansion is posed. In regarding
the general singular solution on R™ as a degenerate case of the elliptic expression, it is
quite natural to deal with (1.6) and (1.7) in examining such a solution, and results of
this paper correspond to a degenerate version of the error term of the elliptic expression
discussed in [13].

Throughout this paper, for complex-valued functions f and g, we write f < g or
g> fif|f[=O(lgl).
2 Results and a conjecture
For g, tg € C, to, Ry and dy > 0, let

Y(toos Ro,v0) = {t; Ret > ty, [Imt+2(Im~p)loglt|| < Ro},
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EO(ifooa Ro,’}/(),(S()) = Z(tOmROa’yO) \ U {|t - tk| < 60}7

tkE€Zp
ZO = {tk; (tk —to)/z—i-’)/olOgtk = ]C?T/Q, ke Z}
Remark 2.1. Since (o, Ro,70) is given by

Imt
log [t| ~ log t]

this contains the positive real axis as ¢ — oo if and only if Imyy = 0, i.e. 7 € R. If
Im~y = 0, then X(tw, Ro,Y0) is the strip |Im¢| < Ry, Ret > t, and if Im vy # 0, then
this is a region such that [Im¢ + 2(Im ) log |t|| < Ry. The sequence in Z satisfies

Im¢
ty, = wk — 2o log(wk) + O(1), %ﬁil = —2Im~, + o(1),

and hence is located along the centre line of (o, Ro,Y0)-
The expression of the general singular solution (y(t),z(¢)) in Theorem 1.1 is also

valid in a domain of the type ¥ (tw, Ro,70,d0), Ro and small dy being given numbers,
and t., sufficiently large [1, §9], [2, Remark 3.3].

Remark 2.2. In Y(to, Ro, Vo), it is easy to see that |el*/?t70|*1 < 1, and hence
| cos((t—to) /2470 logt)| < 1. In X (teo, Ro, Y0, d0) With iy = 1/2— [, the error estimates
O(t~1H2Refo=1/21) and O(+HReA=1/21) in Theorem 1.1 may be replaced by O(¢t~!) and
O(1), respectively.

Theorem 2.1. Suppose that 0y — 6, = 0, = 0. Then system (1.6), (1.7) possesses a
two-parameter family of solutions {(1(to, vo;t), b(to,Y0; 1)) ; to, Y0 € C} such that

= cos™'((t —t0)/2 + 0 logt + g(t)),
b/2 —2¢p = —4ryo + 2tan((t — to)/2 4+ o logt + g(t)) + B(t),

where, for any integer N, g(t) and ((t) admit the asymptotic representations

N
g(t) = Zpy(cos t,sint)t™ + Ot N1,
v=1
N
ﬂ(t) - Z qy(COS tA’ sin 2?)t_y + O(t_N_1)7 tA = (t — tO)/2 + Yo log ta
v=1

as t — 00 through So(tus, Ro, Y0, 00), where p,(&,), 4,(€,n) are polynomials in €, 1 of
total degree = 2v, dy a given small number, Ry a given number, and to, a sufficiently

large number depending on (8o, Rp).

Furthermore, for ¢, g(t) above
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Corollary 2.2. In Yy (tw, Ro, Y0, %0), the fifth Painlevé equation (1.1) admits a fam-
ily of solutions {y(to,v0;t); to, v € C} with
2 ) cos?(t/2 4 g(t)/2)

Mo = T gt w2+ 9l0)2)

Ezxample 2.1. Suppose that 6y — 0, = 0., = 0, and let a = 2(20y — 1). For N = 2 we
have

- ~ 1 “ ~ 1
p1(cost,sint) =35 cos 2t + asint + 5(473 +2a* + 1),

. A 1
q1(cost,sint) = — ~(8y3 + a® + 2),

2
. . 1 Ta
pa(cost,sint) = — % cos 4t — E(élfyg — 3)sin4t — Th s3t — %sm?ﬂf

~ 1 . N
— 279 cos 2t + §(1273 —2a* + 7)sin 2t + %(473 + 2a* — 29) cost
— bayosint — 3—2(1273 4 18a* + 5),

qa(cost,sint) =4~ cos 2t + (442 — 1) sin 2f + 4a cost + Saryy sin + 2 5 (492 + 4a® + 3)

(see the proof of Theorem 2.1).

Let iy = 1/2 — By and ity = log(—0e™/*/4/2). Denote by (y.(t), z.(t)) the general
singular solution given in Theorem 1.1. In ¥4(¢4, Ro, 0, 00), Wwe may suppose that y.(t)

is expressed in the form

cos®(T + g.(t)/2) 14 cos(2T + g.(1))

it o)) 1—cms@ite) *0< . (2.1)

Y« (t) =

Let (¢4, b)) = (¥4(t), b4(t)) and B (t) be such that

o= (g +1)/(y — 1) = cos ' ((t —to) /2 + yologt + g.(1)), b = R(t,ys, ),
b /2 — 20, = 2i(1 — 20y) + 2tan((t — to)/2 — i(1/2 — Bo) logt + g.(t)) + Bu(),

where R(t,y, z) is a rational function in (¢, y, z) resulting from the insertion of (1.3) into
the right-hand side of (3.1) with Ay = 0.

Theorem 2.3. Suppose that 0y — 0, = 0, = 0. Let ¥ (tg,v0;t), b(to, Yo;t), y(to,Yo;t)
and g(t) be as in Theorem 2.1 and Corollary 2.2. Then ¥.(t) = ¥(to,V0;t), be(t) =
b(to,Y0:1), y«(t) = y(to,0:t) and g.(t) = g(t) in Xo(teo, Ro,Y0,00) with ivo =1/2 — [,
ity = log(—0e"™/*/\/2).

For any 6y, 61, 0 € C as well, (g.(t), B.(t)) corresponding to the general singular
solution (y.(t), z«(t)) of Theorem 1.1 is defined in the same way as above. Then we have

the asymptotic formula, at least, in t~1, ¢72.
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Theorem 2.4. In the case of general parameters 0y, 01, 05 € C, g.(t) and B.(t)

admit the asymptotic representations

g.(t) =(p*(cost,sint) 4+ ag)t ™ + (pZ(cos t,sint) — ay sin 2t

. .~ 2a 2ay cost
+ aazcost — 2a; sinf — — — 2200 cg)f2 +0(t?),
sint sint

B.(t) =(¢; (cost,sint) — 2ay)t™

4aq 4ay cost

+ (q;‘(cos t,sint) + c’2>t*2 +O(t™?)

sint sint
as t — oo through Xo(ts, Ro, Y0, 00). Here

(i) axw = 2(0p + 6, — 1), a1 = 2(0p — 01)000, az = (6 — 01)> + 0%, io = 1/2 — By,
ity = log(—0e™/*/\/2);

(ii) p*(cost,sint), ¢*(cost,sint) (v = 1,2) denote p,, q, in Evample 2.1 with a,; and

(iii) o = (0, ax, a1,a2), b = y(Y0, ax, a1, a2) are polynomials in (Yo, ax, ai,as)
such that ca(vo, ax, 0,0) = (70, as,0,0) = 0.

Remark 2.3. In the case of general parameters 6, 01, 0., € C, as shown above, some
first terms of asymptotic series of g,, 8, may be calculated by the successive substitution
method as in the proof of Theorem 2.1 (Section 4.1). In obtaining the higher-order terms,

however, integrals such as

T cos ., ’ TcosE -1
[t [Coosm( [T S5t )rtan

appear, the former being written as

-2

T 1—cosz cos & —cos&
_ — | log ——+4x 1 1 1.
sin (Og1+cosa:+ /OO Ogl—i—cosfg 5) /Oo Ogl—l— fg dt <

In treating the general parameter case it seems that another formulation of asymptotic

series is necessary.

The expressions of g(t) and §(t) are found by successive substitution in Section 4.
If the method in [12, §§3 and 4] is applicable to this case, ¢g(t) and ((¢) may admit

convergent series expansions. For example,

Conjecture 2.5. Suppose that 8y — 6, = 0, = 0. Then
B+ 3 bni(E 2N + 3 6o (02,
n=1 n=1
ﬁ<t> = ¢8(t) —+ Z ¢Z+(t) (t—l/Qeif)n + Z QS:L— (t) (t—1/26—if)n
n=1 n=1
are convergent for [t1/2e=| < 1, where ¢o(t), ¢%(t), dne(t) and ¢, (t) admit asymp-

totic expansions in powers of t~' as x — oo in a domain containing or close to the

positive real axis.
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3 Derivation of (1.6), (1.7)

Multiplying both sides of (1.1) by 2(dy/dt)y~'(y — 1)72, we write (1.1) in the form

d 2ty 2
—L=—-2t""L — 2(1 — 6 —
o -y 20— 6 =)
where
_ )=y =t ) ,1
L= R +2(1—90—91)y_1 ) ((90—91+9m) y+ (B — 61 — ) y)
On the other hand by [13, (3.13)] set
b(t) (v)* —y° ty +1)
ap = Ay + —= =1 —-4——— 4 4(0p + ) ———
2y —1
+ L((00 — 01+ 000)y — (0 — 01 — 00)7). (3.1)

These functions L and a, are essentially the Lagrangian functions for (1.1), which is
useful in examining properties of the fifth Painlevé transcendents.
Let us set ¢ = (y 4+ 1)/(y — 1). Then the three equations above turn to

0?1 -

L= w(;ﬂ—)l —Z(¢2—1)—(1_90_91)t "1—v)
—2 1 1—

+ % ((90 — 0 + 900)2% + (6o — 01 — 900)2%), (3.2)
%L = 2L St W 1) B+ 6y~ (1 - ) (3.3)
A¥r)* = (1= v*)(ag — ¥*) — 4(00 + 01t (1 — 47

+4t72(2(00 — 01)00t) + (6 — 01)* + 62.). (3.4)

The relation between L and a, follows from (3.2) and (3.4):

L:ia—a@+a%+m—1+wﬁ*—%«%—%ﬁ+ﬂéﬁ? (3.5)

The system consisting of (3.3) and (3.4) with (3.5) is one with respect to ¢ and a, =
Ag+t71b(t). Then setting Ay = 0 we obtain (1.6), (1.7).

4 Proofs of the results

Substitution t/2 = x, b(t)/2 — 2¢(t) = x(x) changes (1.6) and (1.7) into

(W) = = (1 = 9?) — (1 =) (2(60 + 61 — 1)) — x)a ™"
+ (2(90 — Hl)eoow + ((90 — (91)2 -+ 920).%72, (41)
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X' =2¢° + (2000 + 61 — 1) — x)a ™" (4.2)

(v = dip/dz). In (4.1) neglecting the terms with z~', we have (¢/')? = —¢(1 — ¢?)

admitting a general solution
Po(x) = cos™H(x —x0), (¥)° = =5 (1 —45),

T being an integration constant. In view of (2.1) combined with y = (1+¢7)/(1—¢™)
let us set
Y = oz — 20 + h(x)) = cos *(z — mo + h(7))

with h(z) < logz. Since 1 = o (u)|u=s—wo+h(z),
(14 2 (2)) (Vo) ulums—o+hz) = (1 + ' (2))y/ =95 (1 — ¥f)
= (1+ 1 (2))v/ =21 —92).

Hence (4.1) turns to

wl

u=z—z0+h(x)

(1+KW) =1+ F W, )z + K@)z

with
2(0p + 6, — 1) — 2(60 — 61)0s0t) + (6 — 61)* + 6%
O R e
which yields
W= G, )z,
n=1
G, (1, x) being given by
- -n = 1 1/2 -1 —2\m
> G0 = 3 o (V) (Rwove + R,
n=1 m=1 ’
that is,
i) = AW X), Golthn) =~ (Rt 0)? — 4Fs(0),
(4.4)

Gs(x) = T (R () — 4F (6, B (o)),

Observing that y = 2tan(x — xg) solves X' = 2¢)2, we set
B =x(@) = xo(x) + 47, xo0 = 2tan(z — o + h(z)),
70 being an integration constant. Since yj = 2(1 + h')¢?, (4.2) is written in the form

B = =2h'"? + (2(60 + 1 — 1)1 — xo + 4o — Bz
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= =20 Gt xo — 4y + B

n=2
Finally setting g = h(z) — v log z we arrive at

g =Gi(¥,x0+ Bz +ZG (Y, xo — 470 + B)x~

n=2

Thus by the substitution

t/2 =z, b(t)/2=2¢(t) = x(z) = xo(z) — 470 + 0,
Y =cos  (x —xo+Yologz + g), xo(z)=2tan(z — x + Yo logx + g)

with xg, to such that © — xg + v logx = (t — to)/2 + Yo logt, we obtain

g =Gi(¥, x0 + )z +ZG (¥, X0 — 470 + B)a~ (4.5)
B= =20 Gn(th, x0 — 470 + B)z " (4.6)
n=2

with G, (v, ...) given by (4.3) and (4.4).
In the main results ¢, 3, g are given as functions in ¢. In what follows these are
treated as functions in z, and are denoted by ¥ = ¢(x), 8 = f(x), g = g(z).

4.1 Proof of Theorem 2.1

If 6y — 0; = 0 =0, then Fy(v)) =0 and

Gn(V,x) = cn 1 (U, X)", ¢ = %(1722), a=2(00+6,—1) =220y — 1).

Suppose that g(z) < 27!, B(z) < 1. Note that
e
cos(Z + g) = cosT — gsind — Ecosfc—k e

where & = © — x¢ + 7 log z. Then (4.5) and (4.6) are written in the form

:‘F(g7/67$)7 ﬁ/:g(g?ﬁ’x)' (4'7)

Here

F(Qa ﬁa l’) =C1 Z %f(n)(iv ﬁ)gnx_l + Z Cm (Z %(fm)(n)(i'a ﬂ - 4'70)gn> "
’ m=2 n=0

N+1 N+1-m

n=0
N

=c1 ) %ﬂ (@ Tt Z Cm Z 1 (") (2, 8 — 4y0)g"z™™
n=0

n=0
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+ Oz

=3 cos #(a —2sind — Beosd)z ™"

1
+ 5(—a sin & — 2 cos 24 + Bsin22) gz

N %Cosz #(a—2sind + (4 — f) cos)’a™? + -+ O™V 7?),
oo oo 1
m=2 n '

=0
N+1 N+1-m

:_QZCm Z (n xﬁ—él'yo)g +O( —N— 2)
—i(a—2sini‘+(4fyo—5)c()s§c) $72+'--—|—O($*N*2)
with

f(u, ) = cosu(a — 2sinu — Bcosu) = acosu — sin 2u — 3 cos® u,
fm(uvﬁ) :f(uaﬁ)m’ fm<u>6) :COS_2ufm<u>ﬁ)>

in Yo (teo, Ro, Y0, 00), in which cos#, sin# < 1. Furthermore, for g(;), f;) < 7' (j =
1,2),

| F(92), B2y ©) — Flgy: By )| < N2l (g2 — 9] + B2y — B,
1G(902), B2y ) — Glgy: By, )| < 2] (l92) — 9] + 1B — By l)-

Note that G(g, 3, ) < x~2, which implies 3(z) < =1 as z — oo. Then (g, 3) satisfies

the system of integral equations

xT

ox) = [ " F(g(6). B(), de, Bla) = [ 665, ). (48)

[e.9] oo

where the contour is a path tending to oo through ¥ (ts, Ro, Y0, 90). Let (gm, Bm) be

the sequence given by the successive substitution:

go(z) =0, PBo(z)=0
gm+1(9€)=/ F(gm (&), Bm (), €)dE, ﬁmﬂ(l’):/ G(gm (&), Bm(E), &)dE.

o0 o0

Now let us observe the case, say N = 2. Then

‘/T(gv ﬁv :B) = G!137_1 + G2$_2 + G3l'_3 + O(ZIZ'_4),
G(g.B,2) = =20*(Gaz ™" + Gs277) + O(z™"),
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where
G1:—§+gcos§:—%sin2§:—§cos2zf:+(—gsini—c082§:+§sin2j:>g
a R A N\ g
—|—<—§cosx+231n2x+ﬁc082:c>5—|—~~',
G2:—1—16<a + 52+1+i(ﬁ — 4) cos 42 + Bsin 4@ — af cos 3¢ — 2asin 3%
+ (a® + (?) cos 2 + 20 sin 2& — 3af cos & — 2a sin:i:)
— 1_16 (—(52 —4)sindz + 43 cos 4% + 3afsin 3% — 6a cos 37
—2(a2+32)sin2:i“+4BcosZ:%+3aBsini—2acos:i">g—|—---,
G3:—%5(562+18a +12)+ (---)cosb6T + - -,
—2%Gy i(a2 + 5 +2+ 2(5 — 4) cos 2& + 23 sin 24 — 2af cos & — 4a Siﬂi’)
+ i(—(BQ —4)sin2i+45~0052i+2aﬁsin:i"—4acosi>g+--- ,
—2%G %5(32—1—4@2—1—4)+('--)cos4£+-~

with B = [ — 4.
Note the fact that every finite product IT cos m;x sinn;z with m;, n; € Z is expressed
by a linear combination of cosmz, sinnx, m, n € Z over Q. The following lemma on

asymptotic expansions of integrals is verified by repeating integration by parts:

Lemma 4.1. For a given positive integers m, k > 1,

/ ' cosmﬁdfwsmmech m, kx5 2"+cosmx2c2n+1 m, k)z =2t

n=0

/ £ Slnmfdi008m$ZCQn (m, k)z™"" 2”+Slnmx202n+1 (m, k)z=F2n1

n=0

with ¢,(m, k), é,(m, k) € C as x — oo through the strip Rex > to, |Imz| < Ry.

Careful computation by using integration by parts leads us to
g = / F(0,0,&)d / (acosé — sin2§)§_1d§

— L (@ 1258 1+ (498 — 1)cos 4 — drpsindé — - )¢ 2dg

16 .
gz (4072 + 9% + 6)z~2 + O(z ™)
1 [* - 1 . . 1
:5/ (a(sin &) + §(cos 2§)’> (&) tetde + E(cﬂ + 1273 + D™t
1
— —((473 — 1) sin4d + 4yp cos 4@ + - - - + 70(4073 + 9a® +6))x 2 + O(x™?)
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1 1
:<Z cos 2% + gsini + 1—6(127(2) +a® + 1)):10*1 + (g) P22 4+ 0(z73)

with
()2 = — = oo g 2 A )
g1 = 16 ’yocos4x+4(4”yo 1)sm4x+3a0033$+3a7031n3:13+87060523:
1
+ 5(@ + 1673 — 4) sin 22 + 10a cos & + 20a~y, sin & + 1 (4073 + 9a® + 6)>
and

o3 :/wQ(O,O,f)df = i/z((% +a® +2) + (875 — 2) cos 2 — 8ypsin 2 — -+ )¢ 2dE

o0 o0

3
+ g’yo(47§ +a®+ 1)x_2 + O(x_?’)

1
=— Z<8%2’ +a®+2)z7 + (B) P + Oz

with
2) _ N 1 2 . N N A § 2 2
(61)') = 70 cos 2z + 4(470 1)sin 22 + acos & + 2a7yosin T + 8%(4% +a”+1).

Furthermore,

g2—aq1 = Jf(gbﬁlag) - F<Oa07£>>d€

(a cos & — 4sin 26 — 203 cos 2f)g%§_ld5

JX
=— i/ <(1 + 08 28) 1 + 2(asin € + 2 cos 2 — F sin 25)91)5_1615
1
i)

/ —69 — 270 cos 4€ + sin4E — - - - VB E2dE

1

16
i ((1 — 473 sin 4€ — dygcosdE + -+ ) 1€ 2dE + O )
6

8v2 +a®)x ' + (go — g1) P22+ O(z73)

cn|"

with
(g2 — g1)? — L Gndi— Dacos3i 4 — — (2072 + 3) sin 23
32 48 322710

1292 +a® — 9) cos & + — o

ol (3672 — 10a® + 1),

32(

and

By—B — / (Glg1. B, €) — G(0,0,€))de

1
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— / (473 — 1) sin 2€ + 47g cos 26 + 2aypsin € + a cos é)g1§_2d§ +O(27?)

[e.9]

=~ 285 — @)+ 0™),

g3—g2 :/ (f‘(g%ﬁ%g) _F<glaﬁlas))d£

(e}

== /m(%(a siné + 2 cos 2€) (g2 — 91) + %(1 + cos 2€) (B2 — 51)>§—1d5 +0(?)

[e.9]

=— 6i4<878 —a?®)(yp + 2acos & — 2sin22)x % + O(z7?),
G0 = [ (Gl B €) = Glo 51 €)1

—/ (49 — 1) sin 28 + 4o cos 2§ + 2ay0sin € + acos &) (g2 — g1)¢2d¢

o0

-/ (B - B+ O < 2,

o0

94—gs = /I(( gz —g2) + () (B — B2))E2dE+ O(x7?) < 272,

o0

Thus we obtain the result in Example 2.1, and, p,, ¢, are determined for v < 2.
In the case of a given large N, the leading terms of g,,11 — Gm, Bmi1 — B are as
follows:
It — G = 9™ (cos i, sin &)z IM/A-2Hem) | (g Im/A-3+elm)y
Bms1 — B = B (cos &, sin &)z~ M/A=2 4 O(z~m/21=3)
for m > 2. Here ¢(m) = (14 (—1)™)/2, [t] denotes the greatest integer not exceeding
t, and g*((m) is linear in 1, cos Z, sin 2%, cos(2k — 1)z, sin2kz (k > 1). As shown in the
computation above (4.9) is valid for m = 2, and for m > 3 (4.9) is verified by induction

on m by using the fact: the leading terms of ¢,, 11 — g and B,,11 — G result from

/ (F(Gos s €) — F (Gt s, €))dE
- / (Fis(Gm — Gonr) + For(B — Bn))E N,

[e.9]

(4.9)

[ (00 301 = Glgmrs 1, )i
— [ (Giuslgm = gne) + G = B

[e.9]

with f;‘;z,j = f;,j (gm7 Im—1, 6m7 ﬂm—h I)v g:n,] = g;knJ(gm? 9m—1, 6’"’147 ﬁm—b $) such that

- ——%sinf—cosQé—{—(---),

m,1

* 1 F

m2 — _ZL(]' + 00526) + ( o )7

- —(473 - 1) sin 26 — 47y cos 26 — 2avp sin € — acosé + (- - ),

m,1 =

- 1 R R
;:1,2 = —%(1 + cos 2§) + E(sin% —acos&) +(--+)

(4.10)
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with (-++) < [&]7" 4+ |gm| + [gm-1] + |Bm| + |Bm—1]. Thus for each v by the finite-times
repetition of the substitution procedure, by Lemma 4.1 we get the asymptotic series g,,,
Bm (m < 2v), and p,, g,
In Yo (tso, Ro,7Y0,00) we have, as long as |gm|, |8m| < 4Ko|z|™!, for m > my
|gm0+1 - gmo| + |Bm0+1 - 5m0| < M0|x|_m0/27

T

|9mt1 = gm| + [ Bmtr = Bn| < Ml/ (I9m = gm—1l + 18m = Br—s €7 1€,

where mg is a positive number fixed later, My > 0 depends on mg, M; > 0 does not
depend on my, and Ky > 0 is such that |31|+ |g1] < Ko|z|™'. Then we may inductively
show that

|9m+1 = Gml| + |Bms1 — Bl < (2My /o)™ Mo ||~/
for m > mg in 3o (teo, Ro,Y0,00). Choose mg > 4M;, and again choose ¢, sufficiently

large in such a way that

mo—1
91| + [B| + Z (I9m+1 = gml| + |Bms1 — Biml) < 2Kolz| ™,
m=1
S” (g = gonl + Brosr = Bul) < 2Myla| ™72 < Kola] ™
m=mo

in EO(tooa R07 Y0, 50) Then Joo = g1+zf§:1(9m+1 _gm) and ﬂoo = ﬁl +Z:nozl(ﬂm+l _ﬁm)
converge absolutely and uniformly in ¥4(ts, Ro, Y0, 90), and (geo, Oso) solves (4.8), which
implies the existence of a family of solutions of system (1.6), (1.7).

For any integer N,

N 2N+1
DM ACORETED SO
! N " 2N+1
Y0 @) = B = 3 (Ber — )| < ol (4.11)
v=1 m=1

Choose again myg together with ¢, such that my > 2(/N + 1) if necessary. Then (4.11)

combined with

o) o N
S (=gl o=l = S+ 3 N a0 < [ N
m=2(N+1) Sy
yields
N
Goo = Zpy(cos &,sin2)(22) ™ + O(z™ 1),
v=1
N
B = Z qy(cos T,sin ) (2x) ™" + O(x—N—l)‘
v=1

This completes the proof of Theorem 2.1.
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4.2 Proof of Theorem 2.3

Aslong as t = 2z is in 3g(two, Ro, Y0, 00) the solution (y, z.) may be written in the form

12 (t) = % +0(t™), (4.12)

u=(t—1t9)/2+vlogt+g.(t), g.(t) <<t

B 1+ cosu

*t - 9
y() 1 —cosu

where iy = 1/2 — 3, and ity = log(—9e™/*/1/2), and by (1.3)

1 (W) — s Sy @)u/2 =y ()ulgs)e 1

2 = 2y, —1)2 +0(t) = 2 =172 2y —1)2 +O0(t),
since (y.)e = (1/2+01 ") +(9)e) (Y )u- By (4.12), 17 2 = —((y)u/2— ) (. —1)72/2+
O(t™1), and hence (g.); < t~!. Combining this with (4.5), in which Fj(¢,...) =
(V)220 + 61 — D)oy — x0 — B+), we have f,(r) < 1. Furthermore from 3. =
G(gs, B, x) < 272, it follows that B.(z) — cy < 27! as z — oo. Since 7y, is an inte-

gration constant we may set cg = 0. Thus we have
Lemma 4.2. g.(z), ¢.(z) < 271, B.(z) < 27! asx — oo through Sy (teo, Ro, Y0, d0)-

By (4.12), (g«, f.) fulfills (4.7), and by Lemma 4.2

g = / Flgo, B €)dE, . = / G(g.. B, €)d.

Then by the successive substitution method as in Section 4.1, it is shown that (g., 5)

admits the same asymptotic representation as of (geo, Goo):

N
(Goos Poo) = Z(py(cos T,sin &), q,(cos &, sin ) ) (22) ™ + O(z~N71),

v=1

since as long as g,, 8. < 27! the substitution procedure is possible. Hence for sufficiently

large my,

|g*_goo’ + |6* - ﬁoo‘ < |x|_m07
‘g*_goo’ + |ﬂ* - ﬁoo‘

=< / (IF (g B4, ) = F (9o, Foos ) 4 1G(9, 81, €) = G(Goo, Bse, E) )]

o0

< M7 [ 9. = gl + 18 = Bl el

[e.e]

where M is independent of mg. Take my > 2M;. Then |g. — goo| + |5 — Poo| <
2~ (m=mo) || =m0 for every m > myg. This implies g, — goo = B« — B = 0, which completes

the proof of Theorem 2.3.
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4.3 Proof of Theorem 2.4

In the general case Fy(1)) #Z 0 is added in G,, (cf. (4.4)). The system turns to

g = %Fl(w, Xo+ B)x " — 1(F1(¢7 Xo — 4y + 3)° — 4R (¥)a 2 + O(x7),

8
2
§ = L (R x0 — o+ B — AB(0))a? +0(?),
where
cos*(2 + g) . 2 | p2
F(y) = (a1 +agcos(z+g)), a1 =2(0p—01)0, az=(0p—01)"+ 0

sin?(2 + g)
is also bounded in ¢(tw, Ro, Y0, 00). Put a, = 2(6y + 0; — 1) in place of a = 2(26y — 1)

in Section 4.1. Since Lemma 4.2 is also valid in the general case, (g.(t), B.(t)) satisfies

g = / Flgo, B )6, . = / G (g2, B, €)dE

o0

with F5(1)) # 0, where F and G are written in the form

F(Gss B §)
ORI | 1 o
:§(a* cos& —sin26)¢ — Z(l +cos28)B.67 — E(a* sin & + 2 cos 2€)g.&
1 . . . .
16 ((4’7(2) — 1) cos4€ — 4 sin 4€ + 4a,o cos 3§ — 2a, sin 3¢
+ (1675 + a?) cos Qé — 870 sin 25 + 12a,7v cosé — 20, siné + 1292 4 a2 + 1)5’2
Lcos® & ~ o 1/cosu H 3
§Sin2£(a1 +agcos&)E 4+ §<sin2u(al + as cosu))u u:ég*g +0(£79),
G (g, B+, §)
1

=—((8y2 — 2) cos 25 — 4y sin2§ + 8a,vo Cosf —4a, sinéC + (82 +a?+2))E2
1 0 0

— ((493 — 1) sin 25 + 47 cos 25 + 2a,70 siné + a, cos é)g*f’z

_ 1(2%(1 +cos26) — (sin2€ — a.cos€)) B,

2
— C'OSfA(al + as cos 5)5_2 — ( C.OSQU (aq + ag cos u)) G ETTHO(E7?).
sin” & sin” u ulu=€

The asymptotic expression as in the theorem is calculated by successive substitution.
In the desired expression the polynomials in (cos Z, sin &) resulting from the parts other
than Fy(¢)) are the same as in Section 4.1 replaced a by a.. Let us calculate the contri-
bution from Fy(1)), which we denote by (g%, 8,). Then

782N

1 (% cos® .
9 25/ : Qé(a1+a20085)572d€+‘“

oo S
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a; [* A< 1 >_2 ag/x( 1 ,2A> L
=— cosé | ——=—1 dé + — - — 2 +sin & +---
2/00 gsin2§ <k 2 Joo \sin? ek
3w 5 Q2 <cos§7 1. A) 5 L _3
=720 2<Smx+smx>x 5 sin92'+4sm2x T Fezr c+0(x7),
¥ cos
s=- € (01 4 ancos DE2dE +
ooSlIl
T cos¢ , /2;( 1 >_2
=—a d¢ —a - —1 dé + - --
1/008111255 s | Gz 1)e e
1
Y e 1 (270 cos 22 + (4% — 1) 8in 2% + 4a, cos & + 8a,7p sin :i:) x?
oy m 2+ daT?+ 07,
sin sin &
and
* * 1 ’ S\ ok ¢ — 1 ’ A F\ ok e—
s —gi =~ [ (+eos28)ie e — 5 [ (ausind + 2eos26)gie g
1 [*/cos®
+—/ ( - Qu(al—l—anosu)) ‘ Agi‘£*2d§—|—-~-
2 Jo \sin“u ulu=¢
= —%x_l + §(3a* cosd — 2sin22)x? + cha~ + O(z?),
1 . N
85— 57 =~ [ (21-+ co28) — (sin2é — acosd)) e
— / (492 — 1) sin 2 + 44 cos 26 + 20470 sin € + a, cos f)glé”Qdé"
T rcosu
- / (55 (@ +arcosw)) | gie2dg+- = a2+ O 7?),
oo MSINT U ulu=
* * 1 ’ . * *\ ¢— 1 ; . £ A\ (% *\ c—
Gi— 5= 7 [ (4 cos26)(3 - a6 de — 5 [ (ansing + 2cos28) g5 - gD)e e

(g5 — gi)E2dE+ -+

u=¢

1 [*/cosPu
+ = < (a1 + ag cos u))
2 sin?u u

:—%(a*cosx—sti) +C( 2+ Oz,

ﬁ;_ﬁ;«x—i’)’
gi—gs<a? G- gy <a? L,

which yields the terms of order ¢t=2 as in theorem. Thus Theorem 2.4 is obtained.
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